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1. Introduction 

Rough set theory (RST), devised by Pawlak [1] is a powerful mathematical tool to handle information 
characterized by vagueness and inconsistency. It has been effectively applied across numerous fields, 
including data mining [2], [3]; decision-making [4]; machine learning [5], [6]; and pattern recognition 
[7]. The theory’s popularity stems from its simplicity, ease of computation, and ability to process various 
data types to produce functional rules without requiring prior knowledge [8]. 

While classical rough set theory is limited to complete information systems, researchers have 
integrated rough set theory with other methods such as granular computing [9], [10], [11], [12], [13], 
[14], [15], [16], [17], [18] to deal with incomplete information systems. There are also some researchers 
that extend the framework of rough set theory to accommodate incomplete information systems. In this 
study, we focus on this extension of rough set theory. In general, such systems are handled using two 
primary approaches: data reparation and model extension. Data reparation is an indirect approach in 
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 In order to handle incomplete information systems, numerous extended 
rough set theories have been introduced, primarily because the classical 
version of this theory is limited to complete information systems. Even 
though these approaches can deal with incompleteness, however they have 
an issue due to poor performance in terms of uncertainty measures. Thus, 
this paper aims to handle incomplete information while improving the 
performance of uncertainty measures based on a new semantic 
interpretation using set-valued terms. Firstly, the interpretation of missing 
attribute values is proposed based on the semantics of set-valued 
information systems. The transformation from an incomplete to a complete 
one leads to a new information system called the Possible Equivalent Value-
Set Information System (PEVS). Based on this system, a rough set model 
constructed from the similarity relation of a set-valued information system 
is developed. Similarity precision, which measures the similarity between 
sets of attributes, is also defined. Secondly, δ-rough set model induced by 
similarity precision is discussed. Based on this model, δ-accuracy, δ-
roughness, and δ-approximation accuracy are constructed to measure the 
uncertainty in PEVS. Experimental analysis is conducted on real-life 
datasets to compare the performance of the uncertainty measures between 
the proposed approach and other rough set approaches. The results show 
that the proposed approach is feasible in handling incomplete information 
while providing better uncertainty measures in terms of accuracy, 
roughness, and approximation accuracy. 
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which particular rules are employed so that an incomplete system can be transformed into a complete 
one. In contrast, model extension is a direct approach in which classical rough set theory is generalized 
by relaxing the properties of indiscernibility relation-namely, the reflexive, symmetric, and transitive. 

The majority of studies focusing on incomplete information systems use the model extension 
approach, primarily due to its ability to preserve the originality of information contained in incomplete 
information systems. Several related works can be found in [9], [10], [11], [12], [13], [14], [15], 
[16].Consequently, these models are based on these three prominent approaches which are tolerance 
relation [9], non-symmetric similarity relation [14] and limited tolerance relation [10]. Kryszkiewicz [9] 
introduced tolerance relation under the interpretation of missing attribute values as ‘do not care’ 
condition which it can be replaced by any known possible values in the attribute domain. However, 
tolerance relation produced poor results in terms of approximation. In order to refine the results obtained 
from the tolerance relation, Stefanowski and Tsoukias [14] introduced a non-symmetric similarity 
relation. Wang [10] stated that non-symmetric similarity relation will lose some information, thus 
introduced limited tolerance relation in order to improve the results. These studies focus on generalizing 
classical rough set theory by relaxing equivalence relations into non-equivalence relations, thereby 
enabling the analysis of incomplete information systems without the need for data imputation. 

Those approaches make significant contributions to handling incomplete information systems. 
However, they often produce poor results in terms of uncertainty measures due to the reduced likelihood 
of identifying similar objects, which leads to fewer objects featuring in the lower approximation. 
Consequently, this situation may affect the accuracy, roughness, and approximation accuracy of the set. 
Moreover, these approaches use single-valued representations to handle incomplete information systems; 
alternatively, set-valued representations can be used, in which missing attribute values are replaced by 
the set of all possible values in each attribute domain [17], [18], [19]. 

Missing attribute values can be categorized into two different kinds of semantics: ‘do not care’ and 
‘lost.’ Grzymala-Busse [20] first introduced the ‘do not care’ and ‘lost’ semantics for replacing missing 
attribute values. ‘Do not care’ semantics can be interpreted such that any value from the domain of the 
attribute can replace the missing values. Meanwhile, under ‘lost’ semantics, each missing attribute value 
cannot be replaced by any other value because the value originally existed but is now missing due to 
reasons such as human error (e.g., mistakenly erased or forgotten during data entry). Later, Grzymala-
Busse [21] introduced two additional semantics for incomplete information systems: restricted ‘do not 
care’ condition and attribute-concept value. Restricted ‘do not care’ conditions are similar to ordinary 
‘do not care’ conditions, but are interpreted differently. This situation may occur when ‘lost’ values and 
‘do not care’ values appear in the same dataset. For attribute-concept values, any value belonging to the 
same class as the corresponding attribute may replace the missing attribute value. 

Stefanowski and Tsoukias [14] introduced two different kinds of semantics for missing attribute 
values: ‘missing value’ and ‘absent value.’ Under ‘missing value’ semantics, missing attribute values are 
assumed to exist, but due to imperfect knowledge, they are temporarily unknown and may be replaced 
by other possible values. Under ‘absent value’ semantics, a missing attribute value is considered as ‘does 
not exist,’ and therefore cannot be replaced by other values. Luo et al. [22] categorized missing attribute 
values into two kinds of semantics: applicable and non-applicable values. Applicable values can be 
interpreted such that the missing attribute values exist, but the exact value is only known within a 
limited range of possibilities. Meanwhile, non-applicable values indicate that the missing attribute values 
certainly do not exist. Thus, motivated by Luo et al. [22] and Grzymala-Busse [20], [21], this paper 
focuses on handling incomplete information systems by expanding the interpretation of missing attribute 
values through set-valued terms. This approach specifically emphasizes the performance of uncertainty 
measures, namely accuracy, roughness, and approximation accuracy. 

To facilitate the classification process, we first address the information system incompleteness by 
introducing a generalized interpretation of missing attribute values based on set-valued terms. This 
allows for more flexible modeling of uncertainty before the induction of decision rules. Based on the 
similarity relations of a set-valued information system, the incomplete information system is transformed 



ISSN 2442-6571 International Journal of Advances in Intelligent Informatics 835 
 Vol. 12, No. 3, August 2026, pp. 833-860 

 

 Mustafa et al. (A Set-Valued Semantic Approach for Handling Missing Attribute Values) 

into a Possible Equivalent Value-Set Information System (PEVS). Secondly, a basic rough set model for 
the PEVS induced by set-valued terms is computed. To measure the similarity between objects, we 
introduce the concept of similarity precision. Based on this concept, we construct a δ-similarity relation, 
δ-similarity class, and δ-lower and δ-upper approximations. Since lower and upper approximations are 
replaced by δ-lower and δ-upper approximations, the uncertainty measures proposed by Pawlak are 
extended to δ-accuracy, δ-roughness, and δ-approximation accuracy. Finally, numerical experiments are 
implemented to compare the performance of our approach with three other prominent approaches: 
tolerance relation (TR), limited tolerance relation (TLR), and similarity relation (SR). 

The main contributions of this study are: 

• In order to handle incomplete information systems, we construct a new semantics to define missing 
attribute values, which are any value, maybe value, and not applicable value, along with their 
interpretation. On this basis, we introduce a new information system called Possible Equivalent 
Value-Set. Thus, this study extends the semantic view of missing attribute values using the concept 
of set-valued. 

• We apply the concept of similarity in rough set theory to compute the similarity precision between 
the objects and also for a set of attributes. On this basis, we introduce a generalized rough set model 
based on similarity precision, which thereby improves the uncertainty measurement of information 
systems. 

The rest of this paper is organized as follows. In Section 2, various basic notations of rough set theory 
and set-valued information systems are discussed. Section 3 introduces PEVS and reviews basic concepts 
that are used in our work: similarity relation and similarity precision. Section 4 describes the δ-rough 
set model based on similarity precision. The comparison test between PEVS and TR, LTR, and SR 
using several real-life data sets is presented in Section 5. Finally, the paper is concluded in Section 6. 

2. Method 

This section reviews some basic concepts and relevant notions in rough set theory and set-valued 
information systems that will be used later as our basis in this paper. 

2.1. Information System and Basic Concepts in Rough Set Theory 

An information system is a quadruple 𝑆 = (𝑂, 𝐴𝑇, 𝑉, 𝑓), where 𝑂 = {𝑜1, 𝑜2, ⋯ , 𝑜|𝑂|} is a non-empty 

finite set of objects, 𝐴𝑇 = {𝑎𝑡1, 𝑎𝑡2, ⋯ , 𝑎𝑡|𝐴𝑇|} is a non-empty finite set of attributes, 𝑉 = ⋃ 𝑉𝑎𝑡𝑎𝑡∈𝐴𝑇 , 

where 𝑉𝑎𝑡 is the value set (domain) of attribute 𝑎𝑡   and 𝑓: 𝑂 × 𝐴𝑇 → 𝑉 is an information function such 
that 𝑓(𝑜, 𝑎𝑡) ∈ 𝑉𝑎𝑡 for every (𝑜, 𝑎𝑡) ∈ 𝑂 × 𝐴𝑇. If the information system has decision attributes, then 
it is referred to as a decision system. A decision system is defined as 𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉, 𝑓) where 
𝐶 is a non-empty finite set of condition attributes and 𝐷 is a decision attribute with 𝐶 ∩ 𝐷 = ∅, and 
𝑉= 𝑉𝑐 ∪ 𝑉𝐷 is the domain of attributes set 𝐴𝑇. An information system is referred to as an incomplete 
information system (IIS) if there is at least one missing attribute value; otherwise, it is referred to as a 
complete information system (CIS). The missing attribute values are usually denoted by “*”. 

The basis of classical rough set theory is the indiscernibility relation. It is considered an equivalence 
relation where two objects are equivalent if they contain identical values with respect to the 
corresponding attributes. For 𝐵 ⊆ 𝐴𝑇 in an information system, the indiscernibility relation, denoted 
by 𝐼𝑁𝐷(𝐵) is defined as: 

𝐼𝑁𝐷(𝐵) = {(𝑥, 𝑦) ∈ 𝑂 × 𝑂: ∀𝑎𝑡 ∈ 𝐵, 𝑓(𝑥, 𝑎𝑡) = 𝑓(𝑦, 𝑎𝑡)}  () 

If (𝑥, 𝑦) ∈ 𝐼𝑁𝐷(𝐵), then 𝑥 and 𝑦 are called indiscernible with respect to 𝐵. Here, 𝑓(𝑥, 𝑎𝑡) and  

𝑓(𝑦, 𝑎𝑡) represent the value of the attribute 𝑎𝑡 for objects 𝑥 and 𝑦, respectively. The partition of 𝑂 
induced by 𝐼𝑁𝐷(𝐵) is denoted by 𝑂/𝐵, and the equivalence class in the partition 𝑂/𝐵 is denoted by 
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[𝑥]𝐵. For 𝐵 ⊆ 𝐴𝑇 and 𝑋 ⊆ 𝑂, the lower approximation, upper approximation, and boundary region of 
𝑋 are respectively defined as [21]: 

𝐵(𝑋) = {𝑥 ∈ 𝑈|[𝑥]𝐵 ⊆ 𝑋} 

𝐵(𝑋) = {𝑥 ∈ 𝑈|[𝑥]𝐵 ∩ 𝑋 ≠ ∅} 

𝐵𝑁𝐷(𝑋) = 𝐵(𝑋) − 𝐵(𝑋)  () 

where the lower approximation 𝐵(𝑋) can be interpreted as the set of all objects that surely belong to 

𝑋 in 𝐵, the upper approximation 𝐵(𝑋) as the set of all objects that possibly belong to 𝑋 in 𝐵, and the 
boundary region 𝐵𝑁𝐷(𝑋) as the set of objects that cannot be classified with certainty as belonging to 
𝑋 or 𝑋′. 

2.2. Uncertainty Measures in Rough Set Theory 

The existence of a boundary region leads to uncertainty in a set. The accuracy and roughness measures 
required to evaluate this uncertainty were proposed by Pawlak [23]. The definitions are given as follows. 

Definition 2.1 [23] Let 𝑆 = (𝑂, 𝐴𝑇, 𝑉, 𝑓) be an information system, 𝐵 ⊆ 𝐴𝑇, and 𝑋 ⊆ 𝑂. The 
accuracy of 𝑋 with respect to 𝐵, denoted by 𝛼𝐵(𝑋), is defined as: 

𝛼𝐵(𝑋) =
|𝐵(𝑋)|

|𝐵(𝑋)|
. 

The roughness of X with respect to B is defined as: 

𝜌𝐵(𝑋) = 1 −
|𝐵(𝑋)|

|𝐵(𝑋)|
= 1 − 𝛼𝐵(𝑋). 

To evaluate the uncertainty of classification in rough set theory (also known as rough classification), 
Pawlak [23] generalized the concept of approximation in a set by introducing approximation accuracy. 

Definition 2.2 Let 𝐶𝐷𝑆 = {𝑂, 𝐶 ∪ 𝐷, 𝑉, 𝑓} be a decision system, 𝑂/𝐷 = {𝑋1, 𝑋2, … , 𝑋𝑛} be a 
classification of the object 𝑂, 𝑋𝑛 be a family of equivalence classes of 𝑂/𝐷, and 𝐵 is an attribute set such 
that 𝐵 ⊆ 𝐶. The 𝐵-lower approximation and 𝐵-upper approximation of 𝑂/𝐷 given by 𝐵(𝑂/𝐷) =

{𝐵𝑋1,𝐵𝑋2, … ,𝐵𝑋𝑛} and 𝐵(𝑂/𝐷) = {𝐵𝑋1, 𝐵𝑋2, … , 𝐵𝑋𝑛}, respectively, can be defined as follows: 

𝐵𝑋𝑖 = ⋃{𝑥 ∈ 𝑂|[𝑥]𝐵 ⊆ 𝑋𝑖 ∈ 𝑂/𝐷}, 1 ≤ 𝑖 ≤ 𝑛 

𝐵𝑋𝑖 = ⋃{𝑥 ∈ 𝑂|[𝑥]𝐵 ∩ 𝑋𝑖 ≠ ∅,𝑋𝑖 ∈ 𝑂/𝐷}, 1 ≤ 𝑖 ≤ 𝑛. 

Definition 2.3 The accuracy of approximation (or approximation accuracy) of 𝑂/𝐷 with respect to 
attribute set 𝐵, denoted by 𝛼𝐵(𝑂/𝐷), is defined as: 

𝛼𝐵 (
𝑂

𝐷
) =

|𝐵 (
𝑂
𝐷)|

|𝐵 (
𝑂
𝐷)|

=

∑ |𝐵𝑋𝑖|𝑋𝑖∈
𝑂
𝐷

∑ |𝐵𝑋𝑖|𝑋𝑖∈
𝑂
𝐷

 . 

This measure is used to evaluate the possibility of making correct decisions when classifying objects 
using the set of attributes 𝐵. 
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2.3. Set-Valued Information System 

Definition 2.4 [17], [24] A set-valued information system is a quadruple 𝑆𝑉𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉, 𝑓), 
where 𝑂 is a non-empty finite set of objects, 𝐴𝑇 is a non-empty finite set of attributes, 𝑉 is a non-empty 
set of attribute values (i.e., 𝑉 =∪𝑎𝑡∈𝐴 𝑉𝑎𝑡 and 𝑉𝑎𝑡 is the set of all possible values for attribute 𝑎), and 
𝑓: 𝑂 × 𝐴𝑇 → 2𝑉 is an information function such that 𝑓(𝑜, 𝑎𝑡) ∈ 2𝑉𝑎𝑡 for every (𝑜, 𝑎𝑡) ∈ 𝑂 × 𝐴𝑇. 

To handle classification problems, a set-valued decision system is considered. 

Definition 2.5 [25], [26] A set-valued decision system is defined as 𝑆𝑉𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉, 𝑓), 
where 𝑂 is a non-empty finite set of objects; 𝐴𝑇 is a non-empty finite set of attributes where 𝐶 is a 
non-empty finite set of condition attributes, and 𝐷 is a decision attribute with 𝐶 ∩ 𝐷 = ∅; 𝑉=  

𝑉𝑐 ∪ 𝑉𝐷 is the domain of attributes set 𝐴𝑇 where 𝑉𝑐 is the set of condition attribute values and 𝑉𝐷 is the 
set of decision attribute values; and 𝑓: 𝑂 × 𝐶 → 2𝑉𝑐 is a set-valued mapping and 𝑓:𝑂 × 𝐷 → 𝑉𝐷 is a 
single-valued mapping. 

The main difference between a standard information system and a set-valued information system lies 
in the information function. In a standard information system, 𝑓 maps an object 𝑂 limited to one value 
(single-valued) in 𝑉𝑎𝑡, 𝑓:𝑂 × 𝐴𝑇 → 𝑉𝑎𝑡. In contrast, in a set-valued information system, the attribute 
value is in a set-valued (multi-valued), where 𝑓: 𝑂 × 𝐴𝑇 → 2𝑉.  

In general, a set-valued information system can be categorized into two kinds of semantic 
interpretation [23], [24], [25], [26]: 

• Type A (conjunctive interpretation): 

Given 𝑓(𝑥, 𝑏), where 𝑥 ∈ 𝑂 and 𝑏 ∈ 𝐴, the values are interpreted conjunctively. For instance, if 𝑏 is the 
attribute “spices used in cooking”, then 𝑓(𝑥, 𝑏) = {clove, cinnamon, cardamom pod, star anise} can be 
interpreted as: chef 𝑥 used all of these spices. 

• Type B (disjunctive interpretation): 

Given 𝑓(𝑥, 𝑏), where 𝑥 ∈ 𝑂 and 𝑏 ∈ 𝐴, the values are interpreted disjunctively. For instance, if 𝑏 is the 
attribute “spices used in cooking”, then 𝑓(𝑥, 𝑏) = {clove, cinnamon, cardamom pod, star anise} can be 
interpreted as: chef 𝑥 used only one of these spices. 

In this paper, we focus only on the semantic interpretation of Type B. 

2.4. Rough Set Model for Set-Valued Information System 

To provide a foundation for the proposed method, this section reviews the core concepts of rough 
set theory within set-valued information systems. 

Definition 2.6 [18], [27] Let 𝑆𝑉𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉, 𝑓) be a set-valued information system, where ∀𝑎𝑡 ∈
𝐴𝑇 and 𝑥, 𝑦 ∈ 𝑂. The definition of similarity relation is as follows: 

𝑆(𝑎𝑡) = {(𝑥, 𝑦)|𝑓(𝑥, 𝑎𝑡) ∩ 𝑓(𝑦, 𝑎𝑡) ≠ ∅}  () 

Definition 2.7 For 𝐴 ⊆ 𝐴𝑇 , the similarity relation with respect to attribute subset 𝐴, denoted by 
𝑆(𝐴), is defined as: 

𝑆(𝐴) = {(𝑥, 𝑦)|(𝑥, 𝑦) ∈ 𝑂 × 𝑂:∀𝑎𝑡 ∈ 𝐴, 𝑓(𝑥, 𝑎𝑡) ∩ 𝑓(𝑦, 𝑎𝑡) ≠ ∅} = ⋂ 𝑆𝑎𝑡𝑎𝑡∈𝐴  () 

where 𝑥, 𝑦 ∈ 𝑆(𝐴) implies that 𝑥 and 𝑦 are indiscernible with respect to attribute set 𝐴. 

Definition 2.8 Let 𝑆𝑉𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉, 𝑓) be a set-valued information system. The similarity class of 
an object 𝑥 with respect to attribute set 𝐴, denoted by 𝑆𝐴(𝑥), is defined as: 

𝑆𝐴(𝑥) = {𝑦|(𝑥, 𝑦) ∈ 𝑆(𝐴)}  () 
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Definition 2.9 Let 𝑋 ⊆ 𝑂 and 𝐴 ⊆ 𝐴𝑇. The lower approximation and upper approximation of 𝑋 

with respect to attribute subset 𝐴, denoted by 𝑆𝐴(𝑋) and 𝑆𝐴(𝑋), respectively, are defined as: 

𝑆𝐴(𝑋) = {𝑥|𝑆𝐴(𝑥) ⊆ 𝑋} 

𝑆𝐴(𝑋) = {𝑥|𝑆𝐴(𝑥) ∩ 𝑋 ≠ ∅}  () 

Since this paper addresses classification problems with decision attributes, the lower and upper 
approximations in a set-valued decision system are defined as follows. 

Definition 2.10 [28] Let 𝑆𝑉𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉, 𝑓) be a set-valued decision system, 𝐴 ⊆ 𝐶 

and 𝑋 ⊆ 𝑂. The lower and upper approximations of 𝐷 with respect to 𝐴, given as 𝑆𝐴(𝐷) and 𝑆𝐴(𝐷),  

respectively, can be defined as follows: 

𝑆𝐴(𝐷) =∪ {𝑥|𝑆𝐴(𝑥) ⊆ 𝑋𝑖 , 𝑋𝑖 ∈ 𝑂/𝐷} 

𝑆𝐴(𝐷) =∪ {𝑥|𝑆𝐴(𝑥) ∩ 𝑋𝑖 ≠ ∅, 𝑋𝑖 ∈ 𝑂/𝐷}  () 

The uncertainty measures for set-valued information systems and set-valued decision systems are 
defined as follows. 

Definition 2.11 Let 𝑆𝑉𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉, 𝑓) be a set-valued information system, 𝐴 ⊆ 𝐴𝑇 and 𝑋 ⊆ 𝑂. 
The accuracy of set 𝑋 with respect to 𝐴, denoted as 𝛼𝐴(𝑋), is defined as: 

𝛼𝐴(𝑋) =
|𝑆𝐴(𝑋)|

|𝑆𝐴(𝑋)|
  () 

The roughness of set 𝑋 with respect to attribute 𝐴, denoted as 𝜌𝐴(𝑋), is defined as: 

𝜌𝐴(𝑋) = 1 −
|𝑆𝐴(𝑋)|

|𝑆𝐴(𝑋)|
= 1 − 𝛼𝐴(𝑋).  () 

Definition 2.12 Let 𝑆𝑉𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉, 𝑓) be a set-valued decision system, 𝐴 ⊆ 𝐶. Let 
𝑂/𝐷 = {𝑋1,𝑋2, . . . 𝑋𝑛} be a classification of the universe 𝑂 and 𝑋𝑖 be classes of 𝑂/𝐷. The definition of 

approximation accuracy of 𝑂/𝐷 by 𝐴 is defined as follows: 

𝛼𝐴(𝑂/𝐷) =
|𝑆𝐴(𝑂/𝐷)|

|𝑆𝐴(𝑂/𝐷)|
=

∑ |𝑆𝐴𝑋𝑖|𝑋𝑖∈𝑂/𝐷

∑ |𝑆𝐴𝑋𝑖∈𝑂/𝐷 𝑋𝑖|
 () 

2.5. Possible Equivalent Value-Set Information System 

In this section, a new semantic interpretation of missing attribute values based on set-valued terms 
is defined. 

2.5.1. Semantic Interpretation 

We first introduce two categories of possible equivalent value-sets: 
• With values (WV): WV refers to values that actually exist; however, our knowledge of their exact 

values is limited to a certain range of possibilities. 
• Without values (WOV): WOV refers to values that are actually nonexistent. For instance, the 

attribute ‘brand of helmet’ does not apply to a car driver. 
For WV, two semantics with their interpretation of incomplete information are summarized as 

follows 

• Any value (*): For 𝑓𝑎𝑡(𝑥) =∗, the symbol * can be replaced with any value in 𝑉𝑎𝑡. For example, if 

𝑉𝑎𝑡 = {1,2,3}, then * can be interpreted as either 1, 2, or 3, and * can be only one of them 
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• Maybe value (𝜆): For 𝑓𝑎𝑡(𝑥) = 𝜆, the actual value lies in a subset 𝑀𝑎𝑡(𝑥) ⊆ 𝑉𝑎𝑡, where |𝑀𝑎𝑡(𝑥)| >

1. In other words, the actual value of 𝜆 is an element within 𝑀𝑎𝑡(𝑥). For example, if 𝑉𝑎𝑡 = {1,2,3}, 

then 𝑀𝑎𝑡(𝑥) ={1,2}, {1,3} or {2,3}, thus 𝜆 can be one of the values in {1,2}, {1,3}, or {2,3}. 

The semantics of WOV are defined as follows. 

• Not applicable value (∞): For 𝑓𝑎𝑡(x) = ∞, this means that the value of object 𝑥 ∈ 𝑂 for attribute 𝑎𝑡 

does not exist. Although the value is nonexistent, it is still treated formally as a special value.  

Let 𝐾𝑎𝑡(𝑥) be the set of all possible semantics used to replace missing attribute values; then: 

𝐾𝑎𝑡(𝑥) = {

𝑓𝑎𝑡(𝑥) 𝑖𝑓 𝑓𝑎𝑡(𝑥) ∈ 𝑉𝑎𝑡 ,
𝑉𝑎𝑡 𝑖𝑓 𝑓𝑎𝑡(𝑥) =∗,

𝑀𝑎𝑡 ⊆ 𝑉𝑎𝑡 𝑖𝑓 𝑓𝑎𝑡(𝑥) = 𝜆,
∞ 𝑖𝑓 𝑓𝑎𝑡(𝑥) = ∞.

 

2.5.2. Transformation of an Incomplete Information System into a Possible Equivalent Value-Set 

Information System 

To facilitate classification, this paper converts incomplete information systems into complete ones by 
substituting missing attribute values with the set of all possible semantics. For the time being, the 
substitution is made randomly. The resulting structure is formally defined as a Possible Equivalent 
Value-Set Information System (PEVsIS): 

Definition 2.13 A Possible Equivalent Value-Set Information System (PEVsIS) is a quadruple 
𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓), where 𝑂 is a non-empty finite set of objects; 𝐴𝑇 is a non-empty finite set of 
attributes;  and 𝑉# = 𝑉 ∪ {∗} ∪ {𝝀} ∪ {∞}, where 𝑉 =∪𝑎𝑡∈𝐴𝑇 𝑉𝑎𝑡, 𝑉𝑎 is the value set (domain) of 
attribute 𝑎𝑡. The symbols *, 𝜆 and ∞ represent any value, maybe value, and not applicable value, 
respectively. The function 𝑓: 𝑂 × 𝐴𝑇 → 𝑉# is defined such that 𝑓(𝑜, 𝑎𝑡) ∈ 𝑉𝑎𝑡

#  for every (𝑜, 𝑎𝑡) ∈
𝑂 × 𝐴𝑇, 𝑉𝑎𝑡

# = 𝑉 ∪ {∗} ∪ {𝜆} ∪ {∞}. 

For a Possible Equivalent Value-Set Decision System (PEVsDS), the definition is given as follows. 

Definition 2.14  A Possible Equivalent Value-Set Decision System (PEVsDS) is a quadruple 
𝑃𝐸𝑉𝑠𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉#, 𝑓), where 𝑂 is a non-empty finite set of objects; 𝐴𝑇 is a non-empty 
finite set of attributes, where 𝐶 is non-empty finite set of condition attributes and 𝐷 is a decision 
attribute with 𝐶 ∩ 𝐷 = ∅; and 𝑉# = 𝑉 ∪ {∗} ∪ {𝝀} ∪ {∞}, where 𝑉 = 𝑉𝑐

# ∪ 𝑉𝐷 is the value set 
(domain) of attribute set 𝐴𝑇. The symbols *, 𝜆 and ∞ represent any value, maybe value, and not applicable 
value, respectively. The function 𝑓: 𝑂 × 𝐶 → 2𝑉′𝐶 is a set-valued mapping such that 𝑓(𝑜, 𝑐) ∈ 𝑉𝑐

# for 
every (𝑜, 𝑐) ∈ 𝑂 × 𝐶, 𝑉𝑐

# = 𝑉 ∪ {∗} ∪ {𝜆} ∪ {∞} and 𝑓: 𝑂 × 𝐷 → 𝑉𝐷 is a single-valued mapping such 
that 𝑓(𝑜, 𝑑) ∈ 𝑉𝑑 for every 𝑑 ∈ 𝐷. 

Example 2.1. Suppose an incomplete decision system is given as in Table 1 [14]. 

Table 1.  Incomplete decision system with missing attribute values. 

O C1 C2 C3 C4 Decision (d) 
o1 3 2 1 0 Φ 

o 2 2 3 2 0 Φ 

o 3 2 3 2 0 Ψ 

o 4 * 2 * 1 Φ 

o 5 * 2 * 1 Ψ 

o6 2 3 2 1 Ψ 

o7 3 * * 3 Φ 

o8 * 0 0 * Ψ 

o9 3 2 1 3 Ψ 

o10 1 * * * Φ 

o11 * 2 * * Ψ 

o12 3 2 1 * Φ 
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Table 2.  Complete decision system under different semantic interpretations. 

O C1 C2 C3 C4 Decision (d) 
o1 3 2 1 0 Φ 

o2 2 3 2 0 Φ 

o3 2 3 2 0 Ψ 

o4 𝝀𝒄𝟏
𝒔𝟒 2 𝝀𝒄𝟑

𝒔𝟒 1 Φ 

o5 𝝀𝒄𝟏
𝒔𝟓 2 ∞ 1 Ψ 

o6 2 3 2 1 Ψ 

o7 3 𝝀𝒄𝟐
𝒔𝟕 𝝀𝒄𝟑

𝒔𝟕 3 Φ 

o8 𝝀𝒄𝟏
𝒔𝟖 0 0 * Ψ 

o9 3 2 1 3 Ψ 

o10 1 𝝀𝒄𝟐
𝒔𝟏𝟎 𝝀𝒄𝟑

𝒔𝟏𝟎 𝝀𝒄𝟒
𝒔𝟏𝟎 Φ 

o11 * 2 ∞ 𝝀𝒄𝟒
𝒔𝟏𝟏 Ψ 

o12 3 2 1 𝝀𝒄𝟒
𝒔𝟏𝟐 Φ 

The incomplete decision system shown in Table 1 is transformed into a complete decision system 
with different semantics, as illustrated in Table 2. 

Table 3.  A Possible Equivalent Value-Set Decision System (PEVsDS). 

O C1 C2 C3 C4 Decision (d) 
o1 3 2 1 0 Φ 

o2 2 3 2 0 Φ 

o3 2 3 2 0 Ψ 

o4 1,2,3 2 1,2 1 Φ 

o5 1,2 2 ∞ 1 Ψ 

o6 2 3 2 1 Ψ 

o7 3 0,1,2 0,1,3 3 Φ 

o8 1,3 0 0 0,1,2,3 Ψ 

o9 3 2 1 3 Ψ 

o10 1 1,3 2,0,3 1,3 Φ 

o11 0,1,2,3 2 ∞ 1,2 Ψ 

o12 3 2 1 1,2,3 Φ 
 

Given that the domain of each attribute is 𝑉𝑐𝑖
= {0,1,2,3} for i = 1,2,3,4, Table 3 illustrates the 

PEVsDS accordingly. A set of all possible values is used to represent the semantics of the missing 
attribute values. Given that the possible value of 𝑓𝑎𝑡(𝑥) =∗ is {0,1,2,3}, the corresponding possible 
values are defined as follows: 𝜆𝑐1

𝑜4 = {1,2,3}, 𝜆𝑐1
𝑜5 = {1,2}, 𝜆𝑐1

𝑜8 = {1,3}, 𝜆𝑐2
𝑜7 = {0,1,2}, 𝜆𝑐2

𝑜10 =
{1,2}, 𝜆𝑐3

𝑜4 = {1,2}, 𝜆𝑐3
𝑜7 = {0,1,3}, 𝜆𝑐3

𝑜10 = {2,0,3}, 𝜆𝑐4
𝑜10 = {1,3}, 𝜆𝑐4

𝑜11 = {1,2}, and 𝜆𝑐4
𝑜12 = {1,2}. 

After transforming an incomplete decision (information) system into a PEVsDS, the similarity 
relation, similarity class, lower approximation, and upper approximation are defined to compute the 
uncertainty measures of the system. 

2.5.3. Rough Set Model for Possible Equivalent Value-Set Information System (PEVsIS) 

Based on the similarity relation of set-valued information systems, the similarity relation used to 
characterize the relation between objects in PEVsIS is defined as follows. 

Definition 2.15 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be PEVsIS, where ∀𝑎𝑡 ∈ 𝐴𝑇 and 𝑥, 𝑦 ∈ 𝑂. The 
similarity relation is defined as: 

𝑃𝑆(𝑎𝑡) = {(𝑥, 𝑦)|𝑓(𝑥, 𝑎𝑡) ∩ 𝑓(𝑦, 𝑎𝑡) ≠ ∅}  () 

Definition 2.16 For a subset of attributes 𝐴 ⊆ 𝐴𝑇 and 𝑎𝑡 ∈ 𝐴𝑇, the similarity relation between two 
objects with respect to attribute subset 𝐴, denoted by 𝑃𝑆(𝐴), is defined as: 

𝑃𝑆(𝐴) = {(𝑥, 𝑦)|(𝑥, 𝑦) ∈ 𝑂 × 𝑂: ∀𝑎𝑡 ∈ 𝐴, 𝑓(𝑥, 𝑎) ∩ 𝑓(𝑦, 𝑎𝑡) ≠ ∅} = ⋂ 𝑃𝑆𝑎𝑡𝑎𝑡∈𝐴  () 
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where 𝑥, 𝑦 ∈ 𝑃𝑆(𝐴) implies that 𝑥 and 𝑦 are indiscernible with respect to the attribute set 𝐴. 

Based on the similarity relation mentioned in Definition 3.3 and Definition 3.4, the similarity class 
is defined as follows. 

Definition 2.17 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be a PEVsIS. The similarity class of an object 𝑥 with 
respect to attribute set 𝐴, denoted by 𝑃𝑆𝐴(𝑥), is defined as: 

𝑃𝑆𝐴(𝑥) = {𝑦|(𝑥, 𝑦) ∈ 𝑃𝑆(𝐴)}  () 

Definition 2.18 Let 𝑋 ⊆ 𝑂 and 𝐴 ⊆ 𝐴𝑇. The lower approximation and upper approximation of 𝑋 

with respect to 𝐴, represented by 𝑃𝑆𝐴(𝑋) and 𝑃𝑆𝐴(𝑋), respectively, are defined as: 

𝑃𝑆𝐴(𝑋) = {𝑥|𝑃𝑆𝐴(𝑥) ⊆ 𝑋} 

𝑃𝑆𝐴(𝑋) = {𝑥|𝑃𝑆𝐴(𝑥) ∩ 𝑋 ≠ ∅} 

The accuracy and roughness of set 𝑋 with respect to 𝐴, denoted by 𝛼𝐴(𝑋) and 𝜌𝐴(𝑋), respectively, 
are defined as: 

𝛼𝐴(𝑋) =
|𝑃𝑆𝐴(𝑋)|

|𝑃𝑆𝐴(𝑋)|
  () 

𝜌𝐴(𝑋) = 1 −
|𝑃𝑆𝐴(𝑋)|

|𝑃𝑆𝐴(𝑋)|
= 1 − 𝛼𝐴(𝑋).  () 

Definition 2.19 Let 𝑃𝐸𝑉𝑠𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉#, 𝑓) be a PEVsDS, where 𝐴 ⊆ 𝐶 and 𝑋 ⊆ 𝑂. 
The lower approximation and upper approximation of 𝐷 with respect to 𝐴, represented by 𝑃𝑆𝐴(𝐷) and 

𝑃𝑆𝐴(𝐷), respectively, are defined as: 

𝑃𝑆𝐴(𝐷) =∪ {𝑥|𝑆𝐴(𝑥) ⊆ 𝑋𝑖 , 𝑋𝑖 ∈ 𝑂/𝐷} 

𝑃𝑆𝐴(𝐷) =∪ {𝑥|𝑆𝐴(𝑥) ∩ 𝑋𝑖 ≠ ∅, 𝑋𝑖 ∈ 𝑂/𝐷}  () 

Then, the approximation accuracy, α, of O/D with respect to A is given as 

𝛼𝐴(𝑂/𝐷) =
|𝑃𝑆𝐴(𝑂/𝐷)|

|𝑃𝑆𝐴(𝑂/𝐷)|
=

∑ |𝑃𝑆𝐴𝑋𝑖|𝑋𝑖∈𝑂/𝐷

∑ |𝑃𝑆𝐴𝑋𝑖∈𝑂/𝐷 𝑋𝑖|
 () 

Example 2.2 (Continuation of Example 2.1). By Definition 2.19, let 𝑋 = {𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12} ⊆
𝑂 and 𝐶 = {𝐶1, 𝐶2, 𝐶3, 𝐶4}. The lower approximation, upper approximation, accuracy, roughness, and 
approximation accuracy can be computed accordingly. 

From Table 3 and Definition 2.19, the similarity class with respect to attribute set 𝐶 is obtained as 
follows. 

Since 𝑋 = { 𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12}, the lower and upper approximations can be computed as follows. 

𝑃𝑆𝐶(X) = {𝑜1, 𝑜4, 𝑜10} 

𝑃𝑆𝐶(X) = {𝑜1, 𝑜2, 𝑜3, 𝑜4, 𝑜7, 𝑜8, 𝑜9, 𝑜10, 𝑜12} 

From the lower and upper approximations above, the accuracy and roughness are calculated as: 

𝛼𝐶(𝑋) =
|𝑃𝑆𝐶(𝑋)|

|𝑃𝑆𝐶(𝑋)|
=

3

9
= 0.3333 
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𝜌𝐶(𝑋) = 1 − 𝛼𝐶(𝑋) =  

Given 𝑂/𝐷 = {Φ,Ψ} = {{𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12}, {𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11}}, to calculate the 
approximation accuracy, the lower approximation and upper approximation of set 𝑌1 = Φ =
{𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12} and 𝑌2 = Ψ = {𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11} are computed as follows. 

For 𝑌1 = {𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12}, the lower and upper approximations with respect to 𝐶 are: 

𝑃𝑆𝐶( 𝑌1) = {𝑜1, 𝑜4, 𝑜10} 

𝑃𝑆𝐶( 𝑌1) = {𝑜1, 𝑜2, 𝑜3, 𝑜4, 𝑜7, 𝑜8, 𝑜9, 𝑜10, 𝑜12} 

For 𝑌2 = {𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11}, the lower and upper approximations with respect to 𝐶 are: 

𝑃𝑆𝐶( 𝑌2) = {𝑜5, 𝑜6, 𝑜11} 

𝑃𝑆𝐶( 𝑌2) = {𝑜2, 𝑜3, 𝑜5, 𝑜6, 𝑜7, 𝑜8, 𝑜9, 𝑜11, 𝑜12} 

Finally, the approximation accuracy of O/D with respect to attribute set C is computed as: 

𝛼𝐶(𝑂/𝐷) =
|𝑃𝑆𝐶(𝑌1)| + |𝑃𝑆𝐶(𝑌2)|

|𝑃𝑆𝐶(𝑌1)| + |𝑃𝑆𝐶(𝑌2)|
=

3 + 3

9 + 9
=

6

18
= 0.3333. 

2.5.4. Similarity Precision for Possible Equivalent Value-Set Information Systems 

Although two objects may be identified as similar, the degree of similarity between them is often not 
explicitly quantified. To address this issue, we introduce similarity precision, which measures the 
probability that two objects are indiscernible. 

Definition 2.20 [29] [Similarity precision for a single attribute] Let 𝐾𝐴(𝑥) =
{𝑎𝑡|𝑎𝑡 ∈ 𝐴 ∧ 𝑎𝑡(𝑥) ≠ ∞}. The similarity precision, 𝑆𝑖𝑚𝑝𝑟𝑒𝑐

𝑎𝑡 (𝑥, 𝑦), between objects 𝑥 and 𝑦 with 

respect to attribute 𝑎𝑡, is defined as: 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡 (𝑥, 𝑦) =

|𝐾𝑎𝑡(𝑥)∩𝐾𝑎𝑡(𝑦)|

|𝐾𝑎𝑡(𝑥)×𝐾𝑎𝑡(𝑦)|
  () 

where |𝜃| denotes the cardinality of a set 𝜃 and ′ × ′ denotes the Cartesian product. 

Proposition 2. It is worthwhile here to note that 𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡  satisfies the following properties: 

0 ≤ 𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡 (𝑥, 𝑦) ≤ 1  () 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡 (𝑥, 𝑦) = 𝑆𝑖𝑚𝑝𝑟𝑒𝑐

𝑎𝑡 (𝑦, 𝑥)  () 

In other words, 𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡 (𝑥, 𝑦) satisfies only symmetry. 

The cardinality of the set of all possible semantics determines the similarity precision between two 
objects with respect to a single attribute. Given 𝐾𝑎𝑡(𝑥) as defined in Equation 19, the relation between 
|𝐾𝑎𝑡(𝑥)| and |𝐾𝑎𝑡(𝑦)| can be described as follows.  

• Both 𝐾𝑎𝑡(𝑥) and 𝐾𝑎𝑡(𝑦) are single-valued:  

If |𝐾𝑎𝑡(𝑥)|=|𝐾𝑎𝑡(𝑦)| = 1 and 𝐾𝑎𝑡(𝑥) ∩ 𝐾𝑎𝑡(𝑦) ≠ ∅, then object 𝑥 is indiscernible to object 𝑦. 

• Both belong to either single-valued or PEVsIS (for 𝐾𝑎𝑡(𝑥)∈ {single-valued, PEVsIS} ∧  𝐾𝑎𝑡(𝑦)∈ 

{single-valued,PEVsIS}): 

If  𝐾𝑎𝑡(𝑥) ∩ 𝐾𝑎𝑡(𝑦) = ∅; then object 𝑥 is discernible from object 𝑦, 
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• Both have different cardinalities ((for 𝐾𝑎𝑡(𝑥)= single-valued ∧ 𝐾𝑎𝑡(𝑦)=PEVsIS) ∨ 

(𝐾𝑎𝑡(𝑥)=PEVsIS ∧ 𝐾𝑎𝑡(𝑦)= single-valued)):  

If |𝐾𝑎𝑡(𝑥)| ≠ |𝐾𝑎𝑡(𝑦)| and 𝐾𝑎𝑡(𝑥) ∩ 𝐾𝑎𝑡(𝑦) ≠ ∅, then object 𝑥 is indiscernible from object 𝑦, and 

the probability that they share a similar value is 
1

|𝐾𝑎𝑡(𝑥)×𝐾𝑎𝑡(𝑦)|
. 

• Both belong to PEVsIS and have equal cardinalities greater than one (for 𝐾𝑎𝑡(𝑥), 𝐾𝑎𝑡(𝑦) ∈ 

PEVsIS):  

If |𝐾𝑎𝑡(𝑥)|=|𝐾𝑎𝑡(𝑦)| > 1 and 𝐾𝑎𝑡(𝑥) ∩ 𝐾𝑎𝑡(𝑦) ≠ ∅, thus object 𝑥 is indiscernible from object 𝑦, 

and the probability that they share a similar value is 
1

|√𝐾𝑎𝑡(𝑥)×𝐾𝑎𝑡(𝑦)|
.. 

With the above discussions, the relation of similarity precision between objects 𝑥 and 𝑦 can be 
expressed as: 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡 (𝑥, 𝑦) =

{
  
 

  
 

1 𝑖𝑓 𝑥 ∩ 𝑦 ≠ ∅; |𝑝| = |𝑞| = 1,
0 𝑖𝑓 𝑥 ∩ 𝑦 = ∅
1

|𝑝 × 𝑞|
𝑖𝑓 𝑥 ∩ 𝑦 ≠ ∅; |𝑝| ≠ |𝑞|,

1

|√𝑝 × 𝑞|
𝑖𝑓 𝑥 ∩ 𝑦 ≠ ∅; |𝑝| = |𝑞| > 1.

 

where |𝑝| denotes the cardinality of 𝐾𝑎𝑡(𝑥); |𝐾𝑎𝑡(𝑥)| and |𝑞| denotes the cardinality of 
𝐾𝑎𝑡(𝑦);|𝐾𝑎𝑡(𝑦)|. 

Example 2.3: Consider two objects, o10 and o12, taken from Table 3. From Definition 2.20, the 
similarity precision between these two objects to attribute C4 is obtained as follows. 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝐶4 (𝑜10, 𝑜12) =

|𝐾𝐶1(𝑜10) ∩ 𝐾𝐶1(𝑜12)|

|𝐾𝐶1(𝑜10) × 𝐾𝐶1(𝑜12)|
=

|{1,3} ∩ {1,2,3}|

|{1,3} × {1,2,3}|
=

|{1}, {3}|

|{1,1}, {1,2}, {1,3}, {3,1}, {3,2}, {3,3}|
=

2

6
= 0.33. 

From Definition 2.20 and Example 2.3, similarity precision measures the degree of similarity between 
two objects, x and y, with respect to a single attribute. Thus, the similarity precision for a set of attributes 
between objects x and y can be defined as follows. 

Definition 2.21 [Similarity precision for a set of attributes] The similarity precision, 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦), 

between object 𝑥 and object 𝑦 with respect to attribute set 𝐴 = {𝑎𝑡1, 𝑎𝑡2, … , 𝑎𝑡𝑛} ⊆ 𝐴𝑇, is defined as: 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) =
∑ 𝑆𝑖𝑚𝑝𝑟𝑒𝑐

𝑎𝑡 (𝑥,𝑦)𝑎𝑡∈𝐴

|𝐴|
  () 

where |𝐴| denotes the cardinality of attribute set 𝐴. 

Example 2.4 Consider two objects, 𝑠10 and 𝑠12, taken from Table 3. From Definition 2.21, the 
similarity precision between these two objects with respect to the set of attributes 𝐶 ⊆ 𝐴𝑇 is derived as 
follows. 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝐶1 (𝑜10, 𝑜12) =

|{1} ∩ {3}|

|{1} × {, 3}|
=

|∅|

|{1,3}|
=

0

1
= 0. 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝐶2 (𝑜10, 𝑜12) =

|{1,3} ∩ {2}|

|{1,3} × {2}|
=

|∅|

|{1,2}, {3,2}|
=

0

2
= 0. 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝐶3 (𝑜10, 𝑜12) =

|{2,0,3} ∩ {1}|

|{2,0,3} × {1}|
=

|∅|

|{2,1}, {0,1}, {3,1}|
=

0

3
= 0. 
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𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝐶4 (𝑜10, 𝑜12) =

|{1,3} ∩ {1,2,3}|

|{1,3} × {1,2,3}|
=

|{1}, {3}|

|{1,1}, {1,2}, {1,3}, {3,1}, {3,2}, {3,3}|
=

2

6
= 0.33. 

Thus, the similarity precision between s10 and s12with respect to the attribute set C is: 

𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) =
∑ 𝑆𝑖𝑚𝑝𝑟𝑒𝑐

𝑎𝑡 (𝑥, 𝑦)𝑎𝑡∈𝐴

|𝐶|
=  

0 + 0 + 0 + 0.33

4
=  

0.33

4
= 0.0825. 

The similarity precision for a set of attributes can be illustrated using a similarity precision matrix, as 
shown in Definition 2.22. 

Definition 2.22 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be a possible equivalent value-set information system. 
The similarity precision matrix is defined as: 

𝑀𝑆𝑀𝑛×𝑛
𝐴 =

[
 
 
 
𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥1, 𝑦1) 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥1, 𝑦2) … 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥1, 𝑦𝑛)

𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥2, 𝑦1) 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥2, 𝑦2) … 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥2, 𝑦𝑛)

⋮ ⋮ ⋱ ⋮
𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥𝑛, 𝑦1) 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥𝑛, 𝑦2) … 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥𝑛, 𝑦𝑛)]

 
 
 

 

where 𝑛 = |𝑂| and 𝐴= set of attributes. 

Example 2.5 (Continuation from Example 2.1). Given 𝑛 = |𝑂|, the similarity precision matrix for 
Table 3 can be presented as follows. 

𝑀𝑆𝑀12×12
4 =

[
 
 
 
 
 
 
 
 
 
 
 

1 0.25 0.25 0.46 0.25 0 0.42 0.19 0.75 0 0.31 0.75
0.25 1 1 0.21 0.13 0.75 0 0.06 0 0.21 0.06 0
0.25 1 1 0.21 0.13 0.75 0 0.06 0 0.21 0.06 0
0.46 0.21 0.21 1 0.58 0.46 0.21 0.15 0.46 0.25 0.44 0.54
0.25 0.13 0.13 0.58 1 0.38 0.08 0.13 0.25 0.25 0.69 0.33
0 0.75 0.75 0.46 0.38 1 0 0.06 0 0.33 0.19 0.08

0.42 0 0 0.21 0.08 0 1 0.35 0.67 0.22 0.15 0.5
0.19 0.06 0.06 0.15 0.13 0.06 0.35 1 0.19 0.27 0.13 0.19
0.75 0 0 0.46 0.25 0 0.67 0.19 1 0.13 0.31 0.83
0 0.21 0.21 0.25 0.25 0.33 0.22 0.27 0.13 1 0.13 0.06

0.31 0.06 0.06 0.44 0.69 0.19 0.15 0.13 0.31 0.13 1 0.4
0.75 0 0 0.54 0.33 0.08 0.5 0.19 0.83 0.06 0.4 1 ]

 
 
 
 
 
 
 
 
 
 
 

 

2.6. δ-Rough Set Model for a Possible Equivalent Value-Set Information System (PEVsIS) 

Inspired by the similarity relation defined in Definition 2.15, we define a δ-similarity relation induced 
by the similarity precision between two objects in a PEVsIS. 

2.6.1. δ-Similarity Relation and δ-Similarity Class 

Based on the similarity precision between two objects, the δ-similarity relation for a PEVsIS is 
defined as follows. 

Definition 2.23 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be a possible equivalent value-set information system. 
For 𝑎𝑡 ⊆ 𝐴𝑇 and a similarity threshold 𝛿 ∈ [0,1], the 𝛿-similarity relation with respect to attribute 𝑎𝑡, 
denoted by 𝑃𝑆𝑎𝑡

𝛿 , is given as: 

𝑃𝑆𝑎𝑡
𝛿 = {(𝑥, 𝑦)|𝑆𝑖𝑚𝑝𝑟𝑒𝑐

𝑎𝑡 (𝑥, 𝑦) ≥ 𝛿}  () 

Definition 2.24 For 𝐴 ⊆ 𝐴𝑇 and 𝑃𝑆𝑎𝑡
𝛿  is 𝛿-similarity relation with respect to 𝑎𝑡 ∈ 𝐴𝑇, the 𝛿-

similarity relation between two objects with respect to subset of attribute 𝐴 is given as: 

𝑃𝑆𝐴
𝛿 = {(𝑥, 𝑦)|𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) ≥ 𝛿, ∀𝑎𝑡 ∈ 𝐴𝑇, 𝑥, 𝑦 ∈ 𝑂} = ⋂ 𝑃𝑆𝑎𝑡

𝛿
𝑎∈𝐴𝑇

  () 
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where 𝑆𝑖𝑚𝑝𝑟𝑒𝑐
𝑎𝑡 (𝑥, 𝑦) and 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) are as defined in Equation (20) and Equation (21), respectively. 

Since 𝛿 ∈ [0,1] and 0 ≤ 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) ≤ 1, then 𝐾𝑎𝑡(𝑥) ∩ 𝐾𝑎𝑡(𝑦) ∉ ∅ hold.  An example is provided 

in Example 2.6 to illustrate the definition. 

Example 2.6 From Table 3, consider two objects, 𝑠7 and 𝑠9, are taken. According to the similarity 
precision matrix in Example 2.5, the similarity precision between the two objects is 0.67. Therefore, the 
two objects are considered similar (i.e., they belong to the same class) with 𝛿 ≥ 0.50 and 𝛿 ≥ 0.60. 
However, if 𝛿 ≥ 0.70, the two objects are considered discernible, i.e., (𝑠7, 𝑠9) ∉ 𝑆𝐴

0.70(𝑠7, 𝑠9). This is 
because the similarity precision is smaller than the similarity threshold, 𝛿. 

From Definition 2.24, the 𝛿-similarity class of an object 𝑥 ∈ 𝑂 with respect to 𝐴 ⊆ 𝐴𝑇 is defined as 
follows. 

Definition 2.25 25 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be possible equivalent value-set information 
system. For attribute set  𝐴 ⊆ 𝐴𝑇 and similarity threshold 𝛿 ∈ [0,1], the 𝛿-similarity class of an object 
𝑥 with respect to 𝐴 is defined as: 

𝑃𝑆𝐴
𝛿(𝑥) = {𝑦 ∈ 𝑂|𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) ≥ 𝛿}  () 

where an object 𝑦 ∈ 𝑃𝑆𝐴
𝛿(𝑥) is said to be similar to object 𝑥. 

Example 2.7 (Continuation of Example 2.1). Using similarity classes obtained in Example 2.2 and 
the similarity precision matrix in Example 2.5, the 𝛿-similarity class of object 𝑠 with respect to  

attribute set 𝐶 with 𝛿=0.6 can be computed as: 

𝑃𝑆𝐶
0.60(𝑜1) = {𝑜1}, 

𝑃𝑆𝐶
0.60(𝑜2) = {𝑜2, 𝑜3}, 

𝑃𝑆𝐶
0.60(𝑜3) = {𝑜2, 𝑜3}, 

𝑃𝑆𝐶
0.60(𝑜4) = {𝑜4}, 

𝑃𝑆𝐶
0.60(𝑜5) = {𝑜5, 𝑜11}, 

    𝑃𝑆𝐶
0.60(𝑜6) = {𝑜6}, 

𝑃𝑆𝐶
0.60(𝑜7) = {𝑜7, 𝑜9}, 

𝑃𝑆𝐶
0.60(𝑜8) = {𝑜8}, 

𝑃𝑆𝐶
0.60(𝑜9) = {𝑜9, 𝑜12}, 

𝑃𝑆𝐶
0.60(𝑜10) = {𝑜10}, 

𝑃𝑆𝐶
0.60(𝑜11) = {𝑜5, 𝑜11}, 

         𝑃𝑆𝐶
0.60(𝑜12) = {𝑜9, 𝑜12}. 

Proposition 2.1. Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be possible equivalent value-set information system. 
For 𝐴 ⊆ 𝐴𝑇, 𝑥, 𝑦 ∈ 𝑂, and 𝛿1, 𝛿2 ∈ [0,1], we have: 

𝑃𝑆𝐴
𝛿2 ⊆ 𝑃𝑆𝐴

𝛿1   𝛿1 ≤ 𝛿2  () 

Proof. Suppose 𝑦 ∈ 𝑃𝑆𝐴
𝛿2. Then 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) ≥ 𝛿2 for ∀𝑎𝑡 ∈ 𝐴. Since 𝛿1 ≤ 𝛿2, then 𝛿1 ≤

𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) which implies that 𝛿1 ≤ 𝛿2 ≤ 𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦). Thus, for 𝑦 ∈ 𝑃𝑆𝐴
𝛿2, 𝑃𝑆𝐴

𝛿2 ⊆ 𝑃𝑆𝐴
𝛿1 . 

Example 2.8 Let 𝛿1= 0.6 and 𝛿2 = 0.7. By referring to the 𝛿-similarity classes defined in Definition 
2.25 and the similarity precision matrix in Example 2.5, the similarity class of object 𝑠 with attribute set 
𝐶 with different similarity threshold values can be obtained as follows. 

𝑃𝑆𝐶
0.6(𝑜5) = {𝑜5, 𝑜11} 

𝑃𝑆𝐶
0.7(𝑜5) = {𝑜5} 

𝑃𝑆𝐶
0.6(𝑜9) = {𝑜7, 𝑜9, 𝑜12} 

𝑃𝑆𝐶
0.7(𝑜9) = {𝑜9, 𝑜12}. 

Therefore, 𝑃𝑆𝐶
𝛿2 ⊆ 𝑃𝑆𝐶

𝛿1 . 
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Definition 2.26 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be a possible equivalent value-set information system. 
For 𝑋 ⊆ 𝑂, 𝐴 ⊆ 𝐴𝑇, and 𝛿 ∈ [0,1], the 𝛿-lower and 𝛿-upper approximations of 𝑋 in terms of 𝐴, 

denoted by 𝑃𝑆𝐴
𝛿(𝑋) and 𝑃𝑆𝐴

𝛿(𝑋), respectively, can be defined as: 

𝑃𝑆𝐴
𝛿(𝑋) = {𝑥|𝑃𝑆𝐴(𝑥) ⊆ 𝑋} 

𝑃𝑆𝐴
𝛿(𝑋)  = {𝑥|𝑃𝑆𝐴(𝑥) ∩ 𝑋 ≠ ∅}  () 

Definition 2.27 Given 𝑃𝐸𝑉𝑠𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉#, 𝑓) is possible equivalent value-set decision 
system. For 𝑋 ⊆ 𝑂, 𝐴 ⊆ 𝐶, and 𝛿 ∈ [0,1], the 𝛿-lower approximation and 𝛿-upper approximation of 

𝐷 with respect to 𝐴, denoted by 𝑃𝑆𝐴
𝛿(𝐷) and 𝑃𝑆𝐴

𝛿(𝐷), respectively is defined as: 

𝑃𝑆𝐴
𝛿(𝐷) =∪ {𝑥|𝑃𝑆𝐴(𝑥) ⊆ 𝑋𝑖 , 𝑋𝑖 ∈ 𝑂/𝐷} 

𝑃𝑆𝐴
𝛿(𝐷) =∪ {𝑥|𝑃𝑆𝐴(𝑥) ∩ 𝑋𝑖 ≠ ∅, 𝑋𝑖 ∈ 𝑂/𝐷}  () 

Proposition 2.2. Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be a possible equivalent value-set information 
system. For 𝑋 ⊆ 𝑂, 𝐴 ⊆ 𝐴𝑇, and 𝛿1, 𝛿2 ∈ [0,1], we have: 

() 𝑃𝑆𝐴
𝛿1(𝑋) ⊆ 𝑃𝑆𝐴

𝛿2(𝑋)   𝛿1 ≤ 𝛿2 

() 𝑃𝑆𝐴
𝛿2(𝑋) ⊆ 𝑃𝑆𝐴

𝛿1(𝑋)   𝛿1 ≤ 𝛿2 

Proof. 

(i) Let 𝑥 ∈ 𝑃𝑆𝐴
𝛿1(𝑋), then 𝑃𝑆𝐴

𝛿1(𝑥) ⊆ 𝑋 since 𝑃𝑆𝐴
𝛿1(𝑥) = {𝑦 ∈ 𝑂|𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) ≥ 𝛿1}, 

∀at ∈ A and 𝑃𝑆𝐴
𝛿2(𝑥) = {𝑦 ∈ 𝑂|𝑆𝑖𝑚𝑝𝑟𝑒𝑐(𝑥, 𝑦) ≥ 𝛿2}, ∀a ∈ A. From Proposition 2.1, for 

δ1 ≤ δ2, 𝑃𝑆𝐴
𝛿2 ⊆ 𝑃𝑆𝐴

𝛿1 . Since 𝑥 ∈ 𝑃𝑆𝐴
𝛿1(𝑋) which implies 𝑃𝑆𝐴

𝛿1(𝑥) ⊆ 𝑋, then 𝑃𝑆𝐴
𝛿2(𝑥) ⊆

𝑋 induce that 𝑥 ∈ 𝑃𝑆𝐴
𝛿2(𝑋). Hence, 𝑃𝑆𝐴

𝛿1(𝑋) ⊆ 𝑃𝑆𝐴
𝛿2(𝑋). 

(ii) Let 𝑦 ∈ 𝑃𝑆𝐴
𝛿2(𝑋), then 𝑃𝑆𝐴

𝛿2(𝑥) ∩ 𝑋 ≠ ∅. Since 𝑃𝑆𝐴
𝛿2 ⊆ 𝑃𝑆𝐴

𝛿1 , then 𝑃𝑆𝐴
𝛿1(𝑥) ∩ 𝑋 ≠ ∅, 

which implies 𝑦 ∈ 𝑃𝑆𝐴
𝛿1(𝑋). Hence, 𝑃𝑆𝐴

𝛿2(𝑋) ⊆ 𝑃𝑆𝐴
𝛿1(𝑋). 

2.6.2. δ-Uncertainty Measures 

Based on the δ-lower and δ-upper approximations, we now define δ-uncertainty measures within 
the framework of PEVsIS. 

Definition 2.28 Let 𝑃𝐸𝑉𝑠𝐼𝑆 = (𝑂, 𝐴𝑇, 𝑉#, 𝑓) be a possible equivalent value-set information system. 
For 𝑋 ⊆ 𝑂, 𝐴 ⊆ 𝐴𝑇, and 𝛿 ∈ [0,1]. The 𝛿-accuracy and 𝛿-roughness of set 𝑋 with respect to 𝐴, 
denoted by 𝛼𝐴

𝛿(𝑋) and 𝜌𝐴
𝛿(𝑋), respectively, are defined as: 

𝛼𝐴
𝛿(𝑋) =

|𝑃𝑆𝐴
𝛿(𝑋)|

|𝑃𝑆𝐴
𝛿(𝑋)|

  () 

𝜌𝐴
𝛿(𝑋) = 1 − 

|𝑃𝑆𝐴
𝛿(𝑋)|

|𝑃𝑆𝐴
𝛿(𝑋)|

= 1 − 𝛼𝐴
𝛿(𝑋).  () 

Definition 2.29 Let 𝑃𝐸𝑉𝑠𝐷𝑆 = (𝑂, 𝐴𝑇 = 𝐶 ∪ 𝐷, 𝑉′, 𝑓) be a possible equivalent value-set decision 
system, 𝐴 ⊆ 𝐶 and 𝛿 ∈ (0,1). Then,  𝑂/𝐷 = {𝑋1,𝑋2, . . . 𝑋𝑛} is a classification of the universe 𝑂 and 𝑋𝑖 

is the classes of 𝑂/𝐷. The 𝛿-approximation accuracy of 𝑂/𝐷 by 𝐴 is given as: 
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𝛼𝐴
𝛿(𝑂/𝐷) =

|𝑃𝑆𝐴
𝛿(𝑂/𝐷)|

|𝑃𝑆𝐴
𝛿(𝑂/𝐷)|

=
∑ |𝑃𝑆𝐴

𝛿𝑋𝑖|𝑋𝑖∈𝑂/𝐷

∑ |𝑃𝑆𝐴
𝛿

𝑋𝑖∈𝑂/𝐷 𝑋𝑖|
 () 

Proposition 2.3. Let X ⊆ O and A ⊆ AT in PEVsIS. Then, 

() 𝛼𝐴
𝛿1 ≤ 𝛼𝐴

𝛿2   𝛿1 ≤ 𝛿2 

() 𝜌𝐴
𝛿2 ≤ 𝜌𝐴

𝛿1   𝛿1 ≤ 𝛿2 

() 𝛼𝐴
𝛿1 (

𝑂

𝐷
) ≤ 𝛼𝐴

𝛿2(
𝑂

𝐷
)  𝛿1 ≤ 𝛿2 

Proof. 

(i) According to Proposition 2.1, for δ1 ≤ δ2, we have 𝑃𝑆𝐴
𝛿2 ⊆ 𝑃𝑆𝐴

𝛿1 . According to Proposition 

2.2 (i), for δ1 ≤ δ2, 𝑃𝑆𝐴
𝛿1 ⊆ 𝑃𝑆𝐴

𝛿2 which implies |𝑃𝑆𝐴
𝛿1| ≤ |𝑃𝑆𝐴

𝛿2|. Besides, by Proposition 

2.2 (ii), we have 𝑃𝑆𝐴
𝛿2 ⊆ 𝑃𝑆𝐴

𝛿1 for δ1 ≤ δ2. Hence, |𝑃𝑆𝐴
𝛿2| ≤ |𝑃𝑆𝐴

𝛿1|. Since |𝑃𝑆𝐴
𝛿1| ≤

|𝑃𝑆𝐴
𝛿2| and |𝑃𝑆𝐴

𝛿2| ≤ |𝑃𝑆𝐴
𝛿1|, therefore 𝛼𝐴

𝛿1 ≤ 𝛼𝐴
𝛿2. 

(ii) The proof is similar to (i). 

(iii) ∀𝑌𝑖 ∈
𝑂

𝐷
, |𝑃𝑆𝐴

𝛿1(𝑌𝑖)| ≤  |𝑃𝑆𝐴
𝛿2(𝑌𝑖)| , |𝑃𝑆𝐴

𝛿2(𝑌𝑖)| ≤ |𝑃𝑆𝐴
𝛿1(𝑌𝑖)|. It follows that 

∑ |𝑃𝑆𝐴
𝛿1(𝑌𝑖)|𝑌𝑖∈𝑂/𝐷 ≤ ∑ |𝑃𝑆𝐴

𝛿2(𝑌𝑖)|𝑌𝑖∈𝑂/𝐷 . ∑ |𝑃𝑆𝐴
𝛿2

𝑌𝑖∈𝑂/𝐷 (𝑌𝑖)| ≤ ∑ |𝑃𝑆𝐴
𝛿1

𝑌𝑖∈𝑂/𝐷 (𝑌𝑖)|. 

Hence, 𝛼𝐴
𝛿2(

𝑂

𝐷
) ≥ 𝛼𝐴

𝛿1(
𝑂

𝐷
). 

Example 2.9. (Continuation of Example 2.7). Let δ1= 0.6 and δ2 = 0.7. From Definition 2.25, the 
δ-similarity class for different similarity threshold values is obtained as follows. 

𝑃𝑆𝐶
0.60(𝑜1) = {𝑜1} 

𝑃𝑆𝐶
0.60(𝑜2) = {𝑜2, 𝑜3} 

𝑃𝑆𝐶
0.60(𝑜3) = {𝑜2, 𝑜3} 

𝑃𝑆𝐶
0.60(𝑜4) = {𝑜4} 

𝑃𝑆𝐶
0.60(𝑜5) = {𝑜5, 𝑜11} 

𝑃𝑆𝐶
0.60(𝑜6) = {𝑜6} 

𝑃𝑆𝐶
0.60(𝑜7) = {𝑜7, 𝑜9} 

𝑃𝑆𝐶
0.60(𝑜8) = {𝑜8} 

𝑃𝑆𝐶
0.60(𝑜9) = {𝑜9, 𝑜12} 

𝑃𝑆𝐶
0.60(𝑜10) = {𝑜10} 

𝑃𝑆𝐶
0.60(𝑜11) = {𝑜5, 𝑜11} 

𝑃𝑆𝐶
0.60(𝑜12) = {𝑜9, 𝑜12} 

𝑃𝑆𝐶
0.70(𝑜1) = {𝑜1} 

𝑃𝑆𝐶
0.70(𝑜2) = {𝑜2, 𝑜3} 

𝑃𝑆𝐶
0.70(𝑜3) = {𝑜2, 𝑜3} 

𝑃𝑆𝐶
0.70(𝑜4) = {𝑜4} 

𝑃𝑆𝐶
0.70(𝑜5) = {𝑜5} 

𝑃𝑆𝐶
0.70(𝑜6) = {𝑜6} 

𝑃𝑆𝐶
0.70(𝑜7) = {𝑜7} 

𝑃𝑆𝐶
0.70(𝑜8) = {𝑜8} 

𝑃𝑆𝐶
0.70(𝑜9) = {𝑜9, 𝑜12} 

𝑃𝑆𝐶
0.70(𝑜10) = {𝑜10} 

𝑃𝑆𝐶
0.70(𝑜11) = {𝑜11} 

𝑃𝑆𝐶
0.70(𝑜12) = {𝑜9, 𝑜12} 

Since 𝑋 = {𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12} and 𝑋𝐶 = {𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11}, the lower and upper 
approximations can be computed as follows. 
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For 𝛿1= 0.6, 

𝑃𝑆𝐶
0.60(𝑋) = {𝑜1, 𝑜4, 𝑜10}, 

𝑃𝑆𝐶
0.60(𝑋) = {𝑜1, 𝑜2, 𝑜3, 𝑜4, 𝑜7, 𝑜9, 𝑜10, 𝑜12}, 

𝑃𝑆𝐶
0.60(𝑋𝐶) = {𝑜5, 𝑜6, 𝑜8, 𝑜11}, 

𝑃𝑆𝐶
0.60(𝑋𝐶) = {𝑜2, 𝑜3, 𝑜5, 𝑜6, 𝑜7, 𝑜8, 𝑜9, 𝑜11, 𝑜12}, 

For 𝛿2= 0.7, 

𝑃𝑆𝐶
0.70(𝑋) = {𝑜1, 𝑜4, 𝑜7, 𝑜10}, 

𝑃𝑆𝐶
0.70(𝑋) = {𝑜1, 𝑜2, 𝑜3, 𝑜4, 𝑜7, 𝑜9, 𝑜10, 𝑜12}. 

𝑃𝑆𝐶
0.70(𝑋𝐶) = {𝑜5, 𝑜6, 𝑜8, 𝑜11}, 

𝑃𝑆𝐶
0.70(𝑋𝐶) = {𝑜2, 𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11, 𝑜12} 

Therefore, the 𝛿-accuracy and 𝛿-roughness of set  𝑋 and 𝑋𝐶 are computed as: 

For 𝛿1= 0.6, 

𝛼𝐴
0.60(𝑋) =

|𝑃𝑆𝐴
0.60(𝑋)|

|𝑃𝑆𝐴
0.60(𝑋)|

=
3

8
= 0.3750, 

𝜌𝐴
0.60(𝑋) = 1 − 𝛼𝐴

0.60(𝑋) = 1 −
3

8
= 0.6250 

𝛼𝐴
0.60(𝑋𝐶) =

|𝑃𝑆𝐴
0.60(𝑋𝐶)|

|𝑃𝑆𝐴
0.60(𝑋𝐶)|

=
4

9
= 0.4444, 

𝜌𝐴
0.60(𝑋𝐶) = 1 − 𝛼𝐴

0.60(𝑋𝐶) = 1 −
4

9
= 0.5555 

For 𝛿2= 0.7, 

𝛼𝐴
0.70(𝑋) =

|𝑃𝑆𝐴
0.70(𝑋)|

|𝑃𝑆𝐴
0.70(𝑋)|

=
4

8
= 0.5000, 

𝜌𝐴
0.70(𝑋) = 1 − 𝛼𝐴

0.70(𝑋) = 1 −
4

8
= 0.5000 

𝛼𝐴
0.70(𝑋𝐶) =

|𝑃𝑆𝐴
0.70(𝑋𝐶)|

|𝑃𝑆𝐴
0.70(𝑋𝐶)|

=
4

8
= 0.5000, 

𝜌𝐴
0.70(𝑋𝐶) = 1 − 𝛼𝐴

0.70(𝑋𝐶) = 1 −
4

8
= 0.5000 

Given 𝑂/𝐷 = {{𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12}, {𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11}}, the approximation accuracy, the 
lower approximation, and the upper approximation of  𝑌1 = {𝑜1, 𝑜2, 𝑜4, 𝑜7, 𝑜10, 𝑜12} and 𝑌2 =
{𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11} with respect to C are as follows. 

For 𝛿1= 0.6, 

𝑃𝑆𝐶
0.60(𝑌1) = {𝑜1, 𝑜4, 𝑜10}, 

𝑃𝑆𝐶
0.60(𝑌1) = {𝑜1, 𝑜2, 𝑜3, 𝑜4, 𝑜7, 𝑜9, 𝑜10, 𝑜12}, 
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𝑃𝑆𝐶
0.60(𝑌2) = {𝑜5, 𝑜6, 𝑜8, 𝑜11}, 

𝑃𝑆𝐶
0.60(𝑌2) = {𝑜2, 𝑜3, 𝑜5, 𝑜6, 𝑜7, 𝑜8, 𝑜9, 𝑜11, 𝑜12} 

Thus, the δ -approximation accuracy with respect to the decision attribute is 

𝛼𝐶
0.60(𝑂/𝐷) =

|𝑃𝑆𝐶
0.60(𝑌1)| + | |𝑃𝑆𝐶

0.60(𝑌2)|

|𝑃𝑆𝐶
0.60(𝑌1)| + |𝑃𝑆𝐶

0.60((𝑌2)|
 

= 
3+4

8+9
=

7

17
= 0.4118. 

For 𝛿2 = 0.7, 

𝑃𝑆𝐶
0.70(𝑌1) = {𝑜1, 𝑜4, 𝑜7, 𝑜10}, 

𝑃𝑆𝐶
0.70(𝑌1) = {𝑜1, 𝑜2, 𝑜3, 𝑜4, 𝑜7, 𝑜9, 𝑜10, 𝑜12}. 

𝑃𝑆𝐶
0.70(𝑌2) = {𝑜5, 𝑜6, 𝑜8, 𝑜11}, 

𝑃𝑆𝐶
0.70(𝑌2) = {𝑜2, 𝑜3, 𝑜5, 𝑜6, 𝑜8, 𝑜9, 𝑜11, 𝑜12} 

Thus, the δ-approximation accuracy with respect to the decision attribute is computed as: 

𝛼𝐶
0.70(𝑂/𝐷) =

|𝑃𝑆𝐶
0.70(𝑌1)| + | |𝑃𝑆𝐶

0.70(𝑌2)|

|𝑃𝑆𝐶
0.70(𝑌1)| + |𝑃𝑆𝐶

0.70(𝑌2)
 

= 
4+4

8+8
=

8

16
= 0.5000. 

2.6.3. Algorithm 

Fig. 1 illustrates the pseudo-code of the PEVsIS algorithm. There are a few main steps in the 
algorithm. Step 1 replaces the missing attribute values in an incomplete information system with the 
generalized semantics. Step 2 computes the similarity precision between objects. In Step 3, a preferred 
similarity threshold is selected. Based on the chosen similarity threshold, Step 4 classifies objects using 
the λ-similarity class as defined earlier. Step 5 determines the lower and upper approximations. Finally, 
Step 6 calculates the accuracy, roughness, and approximation accuracy. 

Algorithm: PEVs 

Input: Incomplete information system 
Output: Uncertainty Measure 

Begin 
 Step 1. Randomly insert a possible equivalent value set: any value, maybe value, or a not applicable value 

into a missing attribute value. 
 Step 2. Compute similarity precision for a set of attributes between objects x and y. 

 Step 3. Set the preferred similarity threshold value. 

 Step 4. Classify each attribute value using a similarity class based on the preferred similarity threshold 
value. 

 Step 5. Determine the lower approximation and upper approximation of each attribute with respect to the 
set of decisions. 

 Step 6. Calculate δ-uncertainty measures with respect to the set of decisions. 

End   

Fig. 1. Pseudo-code of PEVsIS. 
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3. Results and Discussion 

In this section, the validity of the proposed PEVS approach in handling incomplete information 
systems using several real-life datasets is investigated in two parts: first: between without and with 
similarity precision, and second, between PEVS approach and other three benchmark approaches; 
tolerance relation (TR), limited tolerance relation (LTR) and similarity relation (SR), taking into 
account the value of accuracy, roughness and approximation accuracy. 

Four real-life datasets, Breast Cancer Wisconsin (original), Mammographic, Balance Scale, and Iris—
obtained from UCI Machine Learning Repository [30] are used. The characteristics of the datasets are 
summarized in Table 4. Breast Cancer Wisconsin (Original) and Mammographic are incomplete datasets, 
while Balance Scale and Iris are complete datasets. These experiments were implemented on a personal 
computer using MATLAB R2022b, Windows 11, powered by an Intel Core i5 processor (1.30 GHz) 
with 8 GB of memory. 

Table 4.  Description of datasets. 

Dataset 
Number of 

objects 
Number of 
attributes 

Class Missing values 

Breast Cancer Wisconsin (Original) 699 9 2 Yes 

Mammographic 961 6 2 Yes 
Balance Scale 625 4 3 No 

Iris 150 4 3 No 

Table 5.  Percentage of missing attribute values for incomplete datasets. 

Dataset 
Missing 
values 

Number of missing 
values 

Percentage of missing 
values 

Breast Cancer Wisconsin (Original) Yes 16 0.0025% 

Mammographic Yes 167 0.0027% 

In this experiment, for complete datasets, we randomly removed some known attribute values from 
the original datasets to form incomplete datasets. We followed the same procedure for the incomplete 
datasets because the percentage of missing attribute values was very small, as shown in Table 5. When 
running the incomplete data directly, the approximation accuracy was equal to 1 for all percentages of 
missing attribute values, which is unreasonable. Therefore, for the incomplete datasets, we randomly 
removed attribute values until they contained 10%, 20%, and 30% missing values. As a result, we 
obtained 12 incomplete datasets: Breast Cancer–10%, Breast Cancer–20%, Breast Cancer–30%, 
Mammographic–10%, Mammographic–20%, Mammographic–30%, Balance Scale–10%, Balance 
Scale–20%, Balance Scale–30%, Iris–10%, Iris–20%, and Iris–30%. The experiments were conducted 
three times for all datasets, and the average results were computed. These average values are reported as 
the final uncertainty measures, as shown in Table 6–Table 11 and Fig. 2 – Fig. 7. 

3.1. Comparison between without and with similarity precision 

This section will present the results of accuracy, roughness and approximation accuracy between 
without and with considering similarity precision. The results for four data sets are shown in Table 6 - 
Table 8 and Fig. 2 – Fig. 4. For Fig. 2(a)-(d) until Fig. 4(a)-(d), the X-axis represents different value of 
similarity threshold, δ while the Y-axis represents the value of uncertainty measure (accuracy, roughness 
and approximation accuracy). Each figure has three different colors of line charts that represents different 
percentage of missing attribute values: red for 10%, green for 20% and orange for 30%. To test the 
experiment, the similarity threshold is set at δ = 0 for without similarity precision and δ = 0.5, 0.6, 0.7, 
0.8 and 0.9 for with similarity precision. Note that, in this paper, we will used the phrases ‘without and 
with considering similarity precision’ and ‘without and with similarity precision’ interchangeably as both 
delivered same meaning. 

From Table 6 and Fig. 2, it can be observed that the accuracy value with considering similarity 
precision is higher than without considering similarity precision on all data sets. As the value of the 
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similarity threshold increases, the value of accuracy also increases and achieves the highest value at δ = 
0.9. This verifies Proposition 2.3 that the bigger the value of similarity threshold, the higher the value 
of accuracy. This situation occurred as the value of the similarity threshold increased; the indiscernible 
objects in the similarity class will be reduced, thereby increasing the possibility of objects that are 
certainly in that set. Therefore, it will produce an increase in objects in the lower approximation and a 
decrease in objects in the upper approximation. Surely, this situation will reduce the uncertainty and 
increase the accuracy. 

Table 6.  Comparison of accuracy values between without and with similarity precision. 

Data set 

Similarity threshold, δ 

without with 

0 0.5 0.6 0.7 0.8 0.9 
Breast cancer-10% 0.9985 0.9985 0.9985 0.9985 1.0000 1.0000 
Breast cancer-20% 0.9949 0.9964 0.9993 1.0000 1.0000 1.0000 

Breast cancer-30% 0.9814 0.9942 0.9949 0.9985 0.9985 1.0000 
Mammographic-10% 0.3387 0.3394 0.3415 0.3473 0.3838 0.3870 

Mammographic-20% 0.4152 0.4320 0.4577 0.4802 0.6033 0.6262 
Mammographic-30% 0.3685 0.4191 0.5016 0.5224 0.7425 0.8015 

Balance Scale-10% 0.6664 0.7228 0.8160 0.9830 1.0000 1.0000 
Balance Scale-20% 0.4489 0.6546 0.6813 0.9785 0.9908 1.0000 

Balance Scale-30% 0.4794 0.5765 0.6158 0.9751 0.9954 1.0000 
Iris-10% 0.6435 0.6458 0.6903 0.7212 0.7302 0.7302 

Iris-20% 0.5040 0.6170 0.6372 0.7726 0.8774 0.8889 
Iris-30% 0.4276 0.6307 0.6543 0.8739 0.9423 0.9423 

 

 

Fig. 2. Accuracy values without and with similarity precision. 

In terms of missing value percentage, without similarity precision, the accuracy value decreases as the 
percentage of missing values increases for all Breast Cancer and Iris data sets. While the Mammographic 
and Balance Scale data sets experienced inconsistency, as the accuracy increased (decreased) at 
Mammographic-20% (Balance Scale-20%) and later decreased (increased) at Mammographic-30% 
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(Balance Scale-30%). With similarity precision, for the Breast Cancer and Balance Scale data sets, as the 
percentage of missing values increases, the value of accuracy decreases except for Breast Cancer-20% at 
δ = 0.6 and δ = 0.7, and Balance Scale-20% at δ = 0.8 in which they experienced inconsistency, as the 
value increased and later decreased at Breast Cancer-30% and Balance Scale-30%. 

Table 7.  Comparison of roughness values between without and with similarity precision. 

Data set 

Similarity threshold, δ 

without with 
0 0.5 0.6 0.7 0.8 0.9 

Breast cancer-10% 0.0015 0.0015 0.0015 0.0015 0.0000 0.0000 

Breast cancer-20% 0.0051 0.0036 0.0007 0.0000 0.0000 0.0000 
Breast cancer-30% 0.0186 0.0058 0.0051 0.0015 0.0015 0.0000 

Mammographic-10% 0.6613 0.6606 0.6585 0.6527 0.6162 0.6130 
Mammographic-20% 0.5848 0.5680 0.5423 0.5198 0.3967 0.3738 

Mammographic-30% 0.6315 0.5809 0.4984 0.4776 0.2575 0.1985 
Balance Scale-10% 0.3336 0.2772 0.1840 0.0170 0.0000 0.0000 

Balance Scale-20% 0.5511 0.3454 0.3187 0.0215 0.0092 0.0000 
Balance Scale-30% 0.5206 0.4235 0.3842 0.0249 0.0046 0.0000 

Iris-10% 0.3565 0.3542 0.3097 0.2788 0.2698 0.2698 
Iris-20% 0.4960 0.3830 0.3628 0.2274 0.1226 0.1111 

Iris-30% 0.5724 0.3693 0.3457 0.1261 0.0577 0.0577 
 

From Table 7 and Fig. 3, it is clear that the roughness value when considering similarity precision is 
lower than without considering similarity precision on all data sets. This means that uncertainty is 
reduced when similarity precision is applied to the data set. As the value of the similarity threshold 
increases, the value of roughness gradually decreases. All datasets achieve the lowest roughness value 
starting at δ = 0.7 until δ = 0.9. This verifies Proposition 4.3 that the bigger the value of the similarity 
threshold, the lower the value of roughness. 

 

Fig. 3. Roughness values without and with similarity precision. 
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In terms of missing value percentage, without similarity precision, the value of roughness increases 
as that value increases for all Breast Cancer and Iris data sets. While the Mammographic and Balance 
Scale data sets experienced inconsistency, as the roughness value decreased (increased) at 
Mammographic-20% (Balance Scale-20%) and later increased (decreased) at Mammographic-30% 
(Balance Scale-30%). With similar precision, for the Breast Cancer and Balance Scale datasets, as the 
percentage of missing values increases, the value of roughness increases, except for Breast Cancer-20% 
at δ = 0.6 and δ = 0.7, and Balance Scale-20% at δ = 0.8, in which they experienced inconsistency, as 
the value decreased and later increased at Breast Cancer-30% and Balance Scale-30%. The value of 
roughness is contrary to the result of accuracy since roughness is the complement of the accuracy value 
as defined in Definition 2.1. 

Table 8.  Comparison of approximation accuracy values without and with similarity precision. 

Data set 

Similarity threshold, δ 

without with 

0 0.5 0.6 0.7 0.8 0.9 
Breast cancer-10% 0.9981 0.9981 0.9981 0.9981 1.0000 1.0000 

Breast cancer-20% 0.9338 0.9648 0.9944 1.0000 1.0000 1.0000 
Breast cancer-30% 0.8799 0.9505 0.9575 0.9981 0.9981 1.0000 

Mammographic-10% 0.2781 0.2791 0.2836 0.2886 0.3378 0.3412 
Mammographic-20% 0.3622 0.3792 0.4066 0.4281 0.5675 0.5959 

Mammographic-30% 0.3290 0.3700 0.4428 0.4822 0.7203 0.7836 
Balance Scale-10% 0.6133 0.6752 0.6752 0.9812 1.0000 1.0000 

Balance Scale-20% 0.4150 0.5892 0.6116 0.9749 0.9915 1.0000 
Balance Scale-30% 0.4139 0.5278 0.5590 0.9684 0.9957 1.0000 

Iris-10% 0.7335 0.7360 0.7609 0.7893 0.7964 0.7964 
Iris-20% 0.5786 0.7157 0.7457 0.8585 0.9150 0.9231 

Iris-30% 0.4767 0.6845 0.7314 0.9218 0.9608 0.9608 

 

Fig. 4. Approximation accuracy values without and with similarity precision. 

Meanwhile, from Table 8 and Fig. 4, it is clear that approximation accuracy when considering 
similarity precision is higher than without considering similarity precision on all data sets. With the rise 
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of the similarity threshold, the value of approximation accuracy gradually increases and achieves the 
highest accuracy values at δ = 0.9. This verifies Proposition 4.3 that the bigger the value of the similarity 
threshold, the higher the value of approximation accuracy. All the aforementioned situations occurred 
because, as the value of the similarity threshold increases, the indiscernible objects in the similarity class 
will be reduced, thereby increasing the possibility of objects that are certainly in that set. Thus, it leads 
to a higher value of objects that are in the lower approximation and a lower value of objects in the upper 
approximation. Surely, this situation will reduce the uncertainty and increase the value of approximation 
accuracy. 

In terms of missing values percentage, without similarity precision, the value of approximation 
accuracy decreases as the percentage of missing values increases for all data sets except for the 
Mammographic data set; it increases at Mammographic-20% and later decreases at Mammographic-
30%. With similarity precision, for Breast Cancer and Balance Scale data sets, as the percentage of 
missing values increases, the approximation accuracy decreases except for Breast Cancer-20% at δ = 0.7 
and Balance Scale-20% at δ = 0.8; it increases at this point and later decreases at Breast Cancer-30% 
and Balance Scale-30 %, respectively. While for the Mammographic data set, the approximation accuracy 
increases as the percentage of missing values increases, except at δ = 0.5; it increases at Mammographic-
20% and later decreases at Mammographic-30%. Iris dataset shows inconsistency as the missing value 
percentage rises: at δ = 0.5 and δ = 0.6, the approximation accuracy decreases, while at δ = 0.7, δ = 0.8, 
and δ = 0.9, the approximation accuracy gradually increases. 

3.2. Comparison between proposed approach and three benchmark approaches 

Since previous results verify that the uncertainty measures, i.e. accuracy, roughness and 
approximation accuracy with considering similarity precision achieves higher value than without 
considering similarity precision, thus this sub-section presents the result of comparison between our 
approach with similarity threshold, δ= 0.7 and other three benchmark approaches: tolerance relation 
(TR), limited tolerance relation (LTR) and similarity relation (SR) as shown in Table 9 - Table 11 and 
Fig. 5 – Fig. 7. We choose δ= 0.7 as our standard threshold value in this experiment because it provide 
as the center for the similarity threshold since it is the value of mean between δ= 0.5 and δ= 0.9 which 
it can provide more balance and comprehensive results. For Fig. 5(a)-(d) – Fig. 7 (a)-(d), the X-axis 
represents different percentages of missing attribute values, while the Y-axis represents the value of 
uncertainty measures. In these figures, four colored lines represent the different approaches: blue for 
TR, red for LTR, orange for SR, and green for PEVS. 

Table 9.  Accuracy measures between TR, LTR, SR, and PEVS. 

Dataset TR LTR SR PEVS 
Breast cancer-10% 0.9702 0.9702 0.9978 0.9985 

Breast cancer-20% 0.8336 0.8449 0.9978 1.0000 
Breast cancer-30% 0.6682 0.6948 0.9848 0.9985 

Mammographic-10% 0.1051 0.1051 0.1395 0.3473 
Mammographic-20% 0.0385 0.0385 0.1472 0.4802 

Mammographic-30% 0.0000 0.0000 0.1541 0.5224 
Balance Scale-10% 0.1997 0.1997 0.6657 0.9830 

Balance Scale-20% 0.0128 0.0128 0.5643 0.9785 
Balance Scale-30% 0.0000 0.0000 0.5605 0.9751 

Iris-10% 0.3008 0.3008 0.5263 0.7212 
Iris-20% 0.1733 0.1867 0.5067 0.7726 

Iris-30% 0.0000 0.1733 0.4737 0.8739 

 

From Table 9 and Fig. 5, the accuracy value of PEVS is higher than TR, LTR, and SR on all data 
sets. In terms of missing value percentage, generally, TR, LTR, and SR show a gradual decrease as the 
percentage of missing values increases, except for PEVS, as the accuracy value is not consistent since, for 
some data sets such as Breast Cancer, it increases at Breast Cancer-20% and decreases at Breast Cancer-
30%. Furthermore, for the Iris and Mammographic datasets, it shows that the accuracy increases as the 
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percentage of missing values increases. This shows that PEVS does not work well regarding the 
percentage of missing values. 

 

Fig. 5. Accuracy values with respect to different percentages of missing attribute values. 

From Table 10 and Fig. 6, the roughness value of PEVS is lower than TR, LTR, and SR on all data 
sets. In terms of missing value percentage, generally, TR, LTR, and SR show a gradual increase as the 
percentage of missing values increases, except for PEVS, as the accuracy value is not consistent for some 
data sets, such as Breast Cancer, as it decreases at Breast Cancer-20% and increases at Breast Cancer-
30%. Furthermore, for Iris and Mammographic data sets, it shows that the accuracy decreases as the 
percentage of missing values decreases. 

Table 10.  Roughness measure for TR, LTR, SR, and PEVS. 

Dataset TR LTR SR PEVS 
Breast cancer-10% 0.0298 0.0298 0.0022 0.0015 

Breast cancer-20% 0.1664 0.1551 0.0022 0.0000 
Breast cancer-30% 0.3318 0.3052 0.0152 0.0015 

Mammographic-10% 0.8949 0.8949 0.8605 0.6527 
Mammographic-20% 0.9615 0.9615 0.8528 0.5198 

Mammographic-30% 1.0000 1.0000 0.8459 0.4776 
Balance Scale-10% 0.8003 0.7868 0.3343 0.0170 

Balance Scale-20% 0.9872 0.9872 0.4357 0.0215 
Balance Scale-30% 1.0000 1.0000 0.4395 0.0249 

Iris-10% 0.6992 0.6992 0.4737 0.2788 
Iris-20% 0.8267 0.8133 0.4933 0.2274 

Iris-30% 1.0000 0.8267 0.5263 0.1261 

From Table 11 and Fig. 7, the approximation accuracy value of PEVS is higher than TR, LTR, and 
SR on all data sets. In terms of missing value percentage, generally, TR, LTR, and SR show a gradual 
decrease as the percentage of missing values increases, except for PEVS, as the approximation accuracy 
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value is not consistent for some data sets; for example, for the Mammographic and Iris data sets, the 
value of approximation accuracy increases as the percentage of missing values increases. Meanwhile, for 
the Balance Scale data set, it shows a decreasing value of approximation accuracy as the missing value 
percentage increases. This phenomenon seems similar to the above two experiments regarding PEVS 
and missing value percentage. 

 

Fig. 6. Roughness values with respect to different percentages of missing attribute values. 

Table 11.  Approximation accuracy for TR, LTR, SR, and PEVS. 

Dataset TR LTR SR PEVS 
Breast cancer-10% 0.6176 0.6176 0.9971 0.9981 

Breast cancer-20% 0.5411 0.5454 0.9971 1.0000 
Breast cancer-30% 0.4663 0.4842 0.9802 0.9981 

Mammographic-10% 0.0578 0.0578 0.0939 0.2886 
Mammographic-20% 0.0193 0.0193 0.0952 0.4281 

Mammographic-30% 0.0000 0.0000 0.1078 0.4822 
Balance Scale-10% 0.1299 0.1346 0.6010 0.9812 

Balance Scale-20% 0.0379 0.0400 0.4844 0.9749 
Balance Scale-30% 0.0192 0.0219 0.4774 0.9684 

Iris-10% 0.3438 0.3438 0.6096 0.7893 
Iris-20% 0.1869 0.1991 0.6043 0.8585 

Iris-30% 0.0711 0.1622 0.5590 0.9218 

3.3. Discussion 

Based on the experimental results for comparison between without and with considering similarity 
precision, it can be concluded that the accuracy and approximation accuracy measures of each data set 
are higher, and the roughness measures are smaller with considering similarity precision than without 
considering similarity precision. The improvements can be seen easily even at δ = 0.5, and in general, 
the values of accuracy and approximation accuracy are the highest, and the roughness measure is the 
smallest at δ = 0.9. This is due to the fact that our approach will create many possible attribute values 
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that will replace missing attribute values, and the presence of similarity precision is very significant in 
measuring the degree of similarity between two objects more precisely. As the value of the similarity 
threshold increases, the number of objects that are in the same class will decrease. Consequently, the 
objects that are surely classified (lower approximation) with respect to the decision attribute increase, 
while the objects that are possibly classified (upper approximation) decrease. This will lead to a higher 
value of accuracy and approximation accuracy, while decreasing the value of roughness, as the decline in 
the boundary region will minimize the uncertainty. 

 

Fig. 7. Approximation accuracy values of O/D with respect to different percentages of missing attribute values. 

In terms of missing value percentage, the uncertainty measures experienced inconsistency with the 
rise of missing value percentage, as most values increase (decrease) at 20% missing value, and then 
decrease (increase) at 30% missing value. This can be explained because the possible values that replace 
missing attribute values are produced randomly, which means that for every new iteration, the values are 
different. We will consider this issue as a limitation of this approach, and in future studies, we will 
improve this issue by finding a technique to fix the possible values that replace the missing attribute 
values so that the replaced value is the same for every iteration. 

For comparison between our approach (PEVS with δ = 0.7) and the other three benchmark 
approaches, TR, LTR, and SR, the results of the experiments show that PEVS outperforms the other 
approaches in terms of accuracy, approximation accuracy, and roughness measures in all data sets. This 
concludes that our approach is effective and reasonable for measuring uncertainty measures precisely. 

Overall, from the results obtained in this study, it can be concluded that the uncertainty measures 
(a) perform better when considering similarity precision than without considering similarity precision, 
(b) perform better with our proposed approach than other approaches, (c) show the highest (lowest) 
value mostly at δ=0.9, (d) the percentage of missing values does have an effect on the measures; however, 
it is not consistent, and (e) the proposed approach can be applied when the data set contains a minimum 
percentage of missing attribute values of 10%. 
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4. Conclusion 

Handling incomplete information systems is vital in rough set theory. However, only a limited 
number of studies focus on addressing incomplete information systems while emphasizing uncertainty 
measures. Therefore, this paper introduces a new interpretation of missing attribute values based on set-
valued terms to replace missing attribute values. Based on this interpretation, we construct a Possible  
Equivalent Value-Set information system (PEVsIS) and subsequently develop a δ-rough set model 
induced by the similarity precision. Accordingly, uncertainty measures are defined and analyzed within 
the framework of PEVsIS. The experimental results demonstrate that the proposed approach is effective 
in handling incomplete information while providing improved performance in terms of uncertainty 
measures. While the performance of the proposed method outperforms the other three benchmark 
methods, the experimental results regarding the percentage of missing values need to be improved. In 
the future, we will find a technique to fix the substitution of missing attribute values and evaluate the 
analysis regardless of the percentage of missing values. Furthermore, investigation of the proposed 
approach in the context of attribute reduction and rule extraction will be considered. 
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  S =  ( O , A T , V , f )


  O =  {   o 1 ,   o 2 , ⋯ ,   o   | O | }


  A T =  {   a t 1 ,   a t 2 , ⋯ ,   a t   | A T | }


  V =   ⋃  a t ∈ A T    V  a t


    V  a t


  a t    


  f : O × A T → V


  f ( o , a t ) ∈   V  a t


  ( o , a t ) ∈ O × A T


  D S = ( O , A T = C ∪ D , V , f )


  C


  D


  C ∩ D = ∅


  V


    V  c ∪   V  D


  A T


  B ⊆ A T


  I N D ( B )


  I N D  ( B ) = {  ( x , y ) ∈ O × O : ∀ a t ∈ B ,   f  ( x , a t ) = f  ( y , a t ) }


   ( x , y ) ∈ I N D  ( B ) ,


  x


  y


  B .


  f ( x , a t )


  f ( y , a t )


  a t


  x


  y


  O


  I N D ( B )


  O / B ,


  O / B


    [ x ]  B


  B ⊆ A T


  X ⊆ O ,  


  X


    B _  ( X ) = { x ∈ U |    [ x ]  B ⊆ X }


    B ¯  ( X ) = { x ∈ U |    [ x ]  B ∩ X ≠ ∅ }


  B N D  ( X ) =   B ¯  ( X ) −   B _  ( X )


    B _ ( X )


  X


  B


    B ¯ ( X )


  X


  B


  B N D  ( X )


  X


  X ′


  S = ( O , A T , V , f )


  B ⊆ A T


  X ⊆ O


  X


  B


    𝛼  B ( X )


    𝛼  B  ( X ) =    |   B _  ( X ) |   |   B ¯  ( X ) | .


    𝜌  B  ( X ) = 1 −    |   B _  ( X ) |   |   B ¯  ( X ) | = 1 −   𝛼  B  ( X ) .


  C D S = { O , C ∪ D , V , f }


  O / D = {   X 1 ,     X 2 ,   … ,     X  n }


  O


    X  n


  O / D


  B


  B ⊆ C


  B


  B


  O / D


    B _ ( O / D ) = {     B _ X  1 ,     B _ X  2 , … ,       B _ X  n


    B ¯ ( O / D ) = {     B ¯ X 1 ,     B ¯ X 2 ,   … ,       B ¯ X  n }


    B _   X  i =  ⋃   {  x ∈ O |     [ x ]  B ⊆   X  i ∈ O / D } ,     1 ≤ i ≤ n


    B ¯   X  i =  ⋃   {  x ∈ O |     [ x ]  B ∩   X  i ≠ ∅ ,   X  i ∈ O / D } ,     1 ≤ i ≤ n .


    B ¯   X  i =  ⋃   {  x ∈ O |     [ x ]  B ∩   X  i ≠ ∅ ,   X  i ∈ O / D } ,     1 ≤ i ≤ n .


  O / D


  B


    𝛼  B ( O / D )


    𝛼  B  (   O  D ) =    |   B _  (   O  D ) |   |   B ¯  (   O  D ) | =     ∑    X  i ∈   O  D   |   B _   X  i |    ∑    X  i ∈   O  D   |   B ¯   X  i |   .


  B


  S V I S = ( O , A T , V , f )


  O


  A T


  V


  V =  ∪  a t ∈ A   V  a t


    V  a t


  a


  f : O × A T →  2  V


  f ( o , a t ) ∈  2    V  a t


  ( o , a t ) ∈ O × A T


  S V D S = ( O , A T = C ∪ D , V , f )


  O


  A T


  C


  D


  C ∩ D = ∅


  V


    V  c ∪   V  D


  A T


    V  c


    V  D


  f : O × C →  2    V  c


  f : O × D →   V  D


  f


  O  


    V  a t


  f : O × A T →   V  a t


  f : O × A T →  2  V


  f ( x , b )


  x ∈ O


  b ∈ A ,


  b


  f ( x , b )


  x


  f ( x , b )


  x ∈ O


  b ∈ A ,


  b


  f ( x , b )


  x


  S V I S = ( O , A T , V , f )


  ∀ a t ∈ A T


  x , y ∈ O


  S  ( a t ) = { ( x , y ) | f ( x , a t ) ∩ f ( y , a t ) ≠ ∅ }


  A ⊆ A T


  A


  S ( A )


  S  ( A ) =  {   ( x , y ) |   ( x , y ) ∈ O × O : ∀ a t ∈ A ,   f  ( x , a t ) ∩ f  ( y , a t ) ≠ ∅ } =   ⋂  a t ∈ A    S  a t


  x , y ∈ S ( A )


  x


  y


  A


  S V I S = ( O , A T , V , f )


  x


  A


    S  A  ( x )


    S  A  ( x ) = { y |  ( x , y ) ∈ S ( A ) }


  X ⊆ O


  A ⊆ A T .


  X


  A


      S  A _ ( X )


      S  A ¯ ( X )


      S  A _ ( X ) = { x |   S  A ( x ) ⊆ X }


      S  A ¯ ( X ) = { x |   S  A ( x ) ∩ X ≠ ∅ }


  S V D S = ( O , A T = C ∪ D , V , f )


  A ⊆ C


  X ⊆ O .


  D


  A


      S  A _ ( D )


      S  A ¯ ( D )


      S  A _  ( D ) = ∪ { x |   S  A  ( x ) ⊆   X  i ,   X  i ∈ O / D }


      S  A ¯  ( D ) = ∪ { x |   S  A  ( x ) ∩   X  i ≠ ∅ ,   X  i ∈ O / D }


  S V I S = ( O , A T , V , f )


  A ⊆ A T


  X ⊆ O


  X


  A


    𝛼  A ( X )


    𝛼  A ( X ) =   |     S  A _ ( X ) |  |     S  A ¯ ( X ) |


  X


  A


    𝜌  A ( X )


    𝜌  A  ( X ) = 1 −   |     S  A _ ( X ) |  |     S  A ¯ ( X ) | = 1 −   𝛼  A  ( X ) .


  S V D S = ( O , A T = C ∪ D , V , f )


  A ⊆ C


  O / D = {   X  1 ,   X 2 , . . .   X  n }


  O


    X  i


  O / D


  O / D  


  A


    𝛼  A ( O / D ) =    |     S  A _ ( O / D ) |   |     S  A ¯ ( O / D ) | =     ∑    X  i ∈ O / D  |     S  A _   X  i |    ∑    X  i ∈ O / D  |     S  A ¯   X  i |


    f  a t ( x ) = ∗


    V  a t


    V  a t = { 1 , 2 , 3 }


  𝜆


    f  a t  ( x ) = 𝜆


    M  a t  ( x )  


    V  a t


   |   M  a t  ( x ) | > 1 .


  𝜆


    M  a t ( x )


    V  a t =  { 1 , 2 , 3 } ,


    M  a t  ( x ) =


  𝜆


    f  a t


  x ∈ O


  a t


    K  a t ( x )


    K  a t ( x ) =  {      f  a t ( x )  i f    f  a t ( x ) ∈   V  a t ,     V  a t  i f    f  a t ( x ) = ∗ ,     M  a t ⊆   V  a t  i f    f  a t ( x ) = 𝜆 ,   ∞  i f    f  a t ( x ) = ∞ .


  P E V s I S = ( O , A T ,   V # , f )


  O


  A T


    V # = V ∪  { ∗ } ∪  { 𝝀 } ∪  { ∞ } ,


  V =  ∪  a t ∈ A T   V  a t


    V  a


  a t


  𝜆


  f : O × A T →   V #


  f ( o , a t ) ∈   V  a t #


  o , a t ) ∈ O × A T ,     V  a t # = V ∪  { ∗ } ∪  { 𝜆 } ∪  { ∞ } .


  P E V s D S = ( O , A T = C ∪ D ,   V # , f )


  O


  A T


  C


  D


  C ∩ D = ∅


    V # = V ∪  { ∗ } ∪  { 𝝀 } ∪  { ∞ } ,


  V =   V  c # ∪   V  D


  A T


  𝜆


  f : O × C →  2    V ′  C


  f ( o , c ) ∈   V  c #


  o , c ) ∈ O × C ,     V  c # = V ∪  { ∗ } ∪  { 𝜆 } ∪  { ∞ }


  f : O × D →   V  D


  f ( o , d ) ∈   V  d


  d ∈ D .


    𝝀  𝒄 𝟏  𝒔 𝟒


    𝝀  𝒄 𝟑  𝒔 𝟒


    𝝀  𝒄 𝟏  𝒔 𝟓


    𝝀  𝒄 𝟐  𝒔 𝟕


    𝝀  𝒄 𝟑  𝒔 𝟕


    𝝀  𝒄 𝟏  𝒔 𝟖


    𝝀  𝒄 𝟐  𝒔 𝟏 𝟎


    𝝀  𝒄 𝟑  𝒔 𝟏 𝟎


    𝝀  𝒄 𝟒  𝒔 𝟏 𝟎


    𝝀  𝒄 𝟒  𝒔 𝟏 𝟏


    𝝀  𝒄 𝟒  𝒔 𝟏 𝟐


    V    c  i =  { 0 , 1 , 2 , 3 }


    f  a t  ( x ) = ∗


    𝜆  c 1  o 4 =  { 1 , 2 , 3 } ,     𝜆  c 1  o 5 =  { 1 , 2 } ,     𝜆  c 1  o 8 =  { 1 , 3 } ,     𝜆  c 2  o 7 =   { 0 , 1 , 2 } ,   𝜆  c 2  o 10 =  { 1 , 2 } ,   𝜆  c 3  o 4 =  { 1 , 2 } ,     𝜆  c 3  o 7 =  { 0 , 1 , 3 } ,     𝜆  c 3  o 10 =  { 2 , 0 , 3 } ,     𝜆  c 4  o 10 =  { 1 , 3 } ,     𝜆  c 4  o 11 =  { 1 , 2 } ,  


    𝜆  c 4  o 12 =  { 1 , 2 }


  P E V s I S = ( O , A T ,   V # , f )


  ∀ a t ∈ A T


  x , y ∈ O


  P S  ( a t ) = { ( x , y ) | f ( x , a t ) ∩ f ( y , a t ) ≠ ∅ }


  A ⊆ A T


  a t ∈ A T ,


  A


  P S  ( A )


  P S  ( A ) =  {   ( x , y ) |   ( x , y ) ∈ O × O : ∀ a t ∈ A ,   f  ( x , a ) ∩ f  ( y , a t ) ≠ ∅ } =   ⋂  a t ∈ A  P   S  a t


  x , y ∈ P S ( A )


  x


  y


  A


  P E V s I S = ( O , A T ,   V # , f )


  x


  A


  P   S  A  ( x )


  P   S  A  ( x ) = { y |  ( x , y ) ∈ P S ( A ) }


  X ⊆ O


  A ⊆ A T .


  X


  A


  P     S  A _ ( X )


  P     S  A ¯ ( X )


      P S  A _ ( X ) = { x |   P S  A ( x ) ⊆ X }


      P S  A ¯ ( X ) = { x |   P S  A ( x ) ∩ X ≠ ∅ }


      P S  A ¯ ( X ) = { x |   P S  A ( x ) ∩ X ≠ ∅ }


  X


  A


    𝛼  A ( X )


    𝜌  A  ( X )


    𝛼  A ( X ) =    |     P S  A _ ( X ) |   |     P S  A ¯ ( X ) |


    𝜌  A  ( X ) = 1 −    |     P S  A _  ( X ) |   |     P S  A ¯  ( X ) | = 1 −   𝛼  A  ( X ) .


  P E V s D S = ( O , A T = C ∪ D ,   V # , f )


  A ⊆ C


  X ⊆ O .


  D


  A


      P S  A _ ( D )


      P S  A ¯ ( D )


      P S  A _  ( D ) = ∪ { x |   S  A  ( x ) ⊆   X  i ,   X  i ∈ O / D }


      P S  A ¯  ( D ) = ∪ { x |   S  A  ( x ) ∩   X  i ≠ ∅ ,   X  i ∈ O / D }


    𝛼  A ( O / D ) =    |     P S  A _ ( O / D ) |   |     P S  A ¯ ( O / D ) | =     ∑    X  i ∈ O / D  |     P S  A _   X  i |    ∑    X  i ∈ O / D  |     P S  A ¯   X  i |


  X = {   o 1   , o 2   , o 4   , o 7 ,   o 10   , o 12 } ⊆ O


  C = {   C 1 ,   C 2 ,   C 3 ,   C 4 }


  C


  X = {


    o 1   , o 2   , o 4   , o 7 ,   o 10   , o 12 } ,


      P S  C _  ( X ) = {   o 1 ,   o 4 ,   o 10 }


      P S  C ¯ ( X ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 8 ,   o 9 ,   o 10 ,   o 12 }


      P S  C ¯ ( X ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 8 ,   o 9 ,   o 10 ,   o 12 }


    𝛼  C ( X ) =    |     P S  C _  ( X ) |   |     P S  C ¯  ( X ) | =  3 9 = 0 . 3333


    𝜌  C  ( X ) = 1 −   𝛼  C  ( X )


  O / D =  { Φ ,   Ψ } = {  {   o 1   , o 2   , o 4   , o 7 ,   o 10   , o 12 } ,  {   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 } }


    Y 1 = Φ =  {   o 1   , o 2   , o 4   , o 7 ,   o 10   , o 12 }


    Y 2 = Ψ =  {   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 }


    Y 1 =  {   o 1   , o 2   , o 4   , o 7 ,   o 10   , o 12 } ,


  C


      P S  C _  (     Y 1 ) = {   o 1 ,   o 4 ,   o 10 }


      P S  C ¯ (     Y 1 ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 8 ,   o 9 ,   o 10 ,   o 12 }


    Y 2 =  {   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 }


  C


      P S  C _  (     Y 2 ) = {   o 5 ,   o 6 ,   o 11 }


      P S  C ¯ (     Y 2 ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,     o 7 , o 8 ,   o 9 ,   o 11 ,   o 12 }


    𝛼  C ( O / D ) =    |     P S  C _ (   Y 1 ) | +  |     P S  C _ (   Y 2 ) |   |     P S  C ¯ (   Y 1 ) | +  |     P S  C ¯ (   Y 2 ) | =   3 + 3  9 + 9 =  6 18 = 0 . 3333 .


    K  A  ( x ) =  {  a t |  a t ∈ A ∧ a t  ( x ) ≠ ∞ }


    S i m  p r e c  a t  ( x , y )


  x


  y


  a t


    S i m  p r e c  a t  ( x , y ) =    |   K  a t  ( x ) ∩   K  a t  ( y ) |  |   K  a t  ( x ) ×   K  a t  ( y ) |


  𝜃


  𝜃


  ′ × ′


    S i m  p r e c  a t


  0 ≤   S i m  p r e c  a t  ( x , y ) ≤ 1


    S i m  p r e c  a t  ( x , y ) =   S i m  p r e c  a t  ( y , x )


    S i m  p r e c  a t  ( x , y )


    K  a t ( x )


  |   K  a t  ( x ) |


  |   K  a t  ( y ) |


    K  a t ( x )


    K  a t ( y )


  |   K  a t  ( x ) |


   |   K  a t  ( y ) | = 1


    K  a t ( x ) ∩   K  a t ( y ) ≠ ∅


  x


  y


    K  a t ( x )


  ∧


    K  a t ( y )


    K  a t  ( x ) ∩   K  a t  ( y ) = ∅


  x


  y


    K  a t ( x )


  ∧   K  a t ( y )


  ∨


    K  a t ( x )


  ∧   K  a t ( y )


  |   K  a t  ( x ) | ≠ |   K  a t  ( y ) |


    K  a t  ( x ) ∩   K  a t  ( y ) ≠ ∅


  x


  y


   1  |   K  a t  ( x ) ×   K  a t  ( y ) |


  for     K  a t  ( x ) ,     K  a t ( y )


  |   K  a t  ( x ) |


  |   K  a t  ( y ) | > 1


    K  a t  ( x ) ∩   K  a t  ( y ) ≠ ∅


  x


  y


   1  |    K  a t  ( x ) ×   K  a t  ( y ) |


  x


  y


    S i m  p r e c  a t ( x , y ) =  {    1  i f  x ∩ y ≠ ∅ ; | p | =  | q | = 1 ,   0  i f  x ∩ y = ∅    1  | p × q |  i f  x ∩ y ≠ ∅ ; | p | ≠ | q | ,    1  |  p × q |  i f  x ∩ y ≠ ∅ ; | p | = | q | > 1 .


  | p |


    K  a t  ( x ) ;


  |   K  a t  ( x )


  | q |


    K  a t  ( y ) ;


    K  a t  ( y ) |


  S i   m  p r e c    C 4  (   o 10 ,   o 12 ) =    |   K  C 1  (   o 10 ) ∩   K  C 1  (   o 12 ) |   |   K  C 1  (   o 10 ) ×   K  C 1  (   o 12 ) | =    |  { 1 , 3 } ∩  { 1 , 2 , 3 } |   |  { 1 , 3 } ×  { 1 , 2 , 3 } | =    |  { 1 } ,  { 3 } |   |  { 1 , 1 } ,  { 1 , 2 } ,  { 1 , 3 } ,  { 3 , 1 } ,  { 3 , 2 } ,  { 3 , 3 } | =  2 6 = 0 . 33 .


    S i m  p r e c ( x , y )


  x


  y


  A = {   a t 1 ,   a t 2 , … ,     a t  n } ⊆ A T


    S i m  p r e c  ( x , y ) =     ∑  a t ∈ A    S i m  p r e c  a t ( x , y )  | A |


  | A |


  A


    s 10


    s 12


  C ⊆ A T


  S i   m  p r e c    C 1 (   o 10 ,   o 12 ) =    |  { 1 } ∩  { 3 } |   |  { 1 } ×  { , 3 } | =    | ∅ |   |  { 1 , 3 } | =  0 1 = 0 .


  S i   m  p r e c    C 2 (   o 10 ,   o 12 ) =    |  { 1 , 3 } ∩  { 2 } |   |  { 1 , 3 } ×  { 2 } | =    | ∅ |   |  { 1 , 2 } , { 3 , 2 } | =  0 2 = 0 .


  S i   m  p r e c    C 2 (   o 10 ,   o 12 ) =    |  { 1 , 3 } ∩  { 2 } |   |  { 1 , 3 } ×  { 2 } | =    | ∅ |   |  { 1 , 2 } , { 3 , 2 } | =  0 2 = 0 .


  S i   m  p r e c    C 3 (   o 10 ,   o 12 ) =    |  { 2 , 0 , 3 } ∩  { 1 } |   |  { 2 , 0 , 3 } ×  { 1 } | =    | ∅ |   |  { 2 , 1 } ,  { 0 , 1 } , { 3 , 1 } | =  0 3 = 0 .


  S i   m  p r e c    C 3 (   o 10 ,   o 12 ) =    |  { 2 , 0 , 3 } ∩  { 1 } |   |  { 2 , 0 , 3 } ×  { 1 } | =    | ∅ |   |  { 2 , 1 } ,  { 0 , 1 } , { 3 , 1 } | =  0 3 = 0 .


  S i   m  p r e c    C 4 (   o 10 ,   o 12 ) =    |  { 1 , 3 } ∩  { 1 , 2 , 3 } |   |  { 1 , 3 } ×  { 1 , 2 , 3 } | =    |  { 1 } ,  { 3 } |   |  { 1 , 1 } ,  { 1 , 2 } ,  { 1 , 3 } ,  { 3 , 1 } ,  { 3 , 2 } ,  { 3 , 3 } | =  2 6 = 0 . 33 .


    S i m  p r e c  ( x , y ) =     ∑  a t ∈ A    S i m  p r e c  a t ( x , y )  | C | =     0 + 0 + 0 + 0 . 33 4 =     0 . 33 4 = 0 . 0825 .


  P E V s I S = ( O , A T ,   V # , f )


    M S M  n × n  A =  [      S i m  p r e c (   x 1 ,   y 1 )    S i m  p r e c (   x 1 ,   y 2 )  …    S i m  p r e c (   x 1 ,   y  n )     S i m  p r e c (   x 2 ,   y 1 )    S i m  p r e c (   x 2 ,   y 2 )  …    S i m  p r e c (   x 2 ,   y  n )   ⋮  ⋮  ⋱  ⋮     S i m  p r e c (   x  n ,   y 1 )    S i m  p r e c (   x  n ,   y 2 )  …    S i m  p r e c (   x  n ,   y  n ) ]


  n =  | O |


  A


  n = | O |


    M S M  12 × 12 4 =  [    1  0 . 25  0 . 25  0 . 46  0 . 25  0  0 . 42  0 . 19  0 . 75  0  0 . 31  0 . 75   0 . 25  1  1  0 . 21  0 . 13  0 . 75  0  0 . 06  0  0 . 21  0 . 06  0   0 . 25  1  1  0 . 21  0 . 13  0 . 75  0  0 . 06  0  0 . 21  0 . 06  0   0 . 46  0 . 21  0 . 21  1  0 . 58  0 . 46  0 . 21  0 . 15  0 . 46  0 . 25  0 . 44  0 . 54   0 . 25  0 . 13  0 . 13  0 . 58  1  0 . 38  0 . 08  0 . 13  0 . 25  0 . 25  0 . 69  0 . 33   0  0 . 75  0 . 75  0 . 46  0 . 38  1  0  0 . 06  0  0 . 33  0 . 19  0 . 08   0 . 42  0  0  0 . 21  0 . 08  0  1  0 . 35  0 . 67  0 . 22  0 . 15  0 . 5   0 . 19  0 . 06  0 . 06  0 . 15  0 . 13  0 . 06  0 . 35  1  0 . 19  0 . 27  0 . 13  0 . 19   0 . 75  0  0  0 . 46  0 . 25  0  0 . 67  0 . 19  1  0 . 13  0 . 31  0 . 83   0  0 . 21  0 . 21  0 . 25  0 . 25  0 . 33  0 . 22  0 . 27  0 . 13  1  0 . 13  0 . 06   0 . 31  0 . 06  0 . 06  0 . 44  0 . 69  0 . 19  0 . 15  0 . 13  0 . 31  0 . 13  1  0 . 4   0 . 75  0  0  0 . 54  0 . 33  0 . 08  0 . 5  0 . 19  0 . 83  0 . 06  0 . 4  1 ]


  P E V s I S = ( O , A T ,   V # , f )


  a t ⊆ A T


  𝛿 ∈ [ 0 , 1 ]


  𝛿


  a t


    P S  a t  𝛿


    P S  a t  𝛿 = { ( x , y ) |   S i m  p r e c  a t  ( x , y ) ≥ 𝛿 }


  A ⊆ A T


    P S  a t  𝛿


  𝛿


  a t ∈ A T ,


  𝛿


  A


    P S  A  𝛿 =  {   ( x , y ) |    S i m  p r e c  ( x , y ) ≥ 𝛿 , ∀ a t ∈ A T ,   x , y ∈ O } =   ⋂  a ∈ A T    P S  a t  𝛿


    S i m  p r e c  a t  ( x , y )


    S i m  p r e c  ( x , y )


  𝛿 ∈ [ 0 , 1 ]


  0 ≤   S i m  p r e c ( x , y ) ≤ 1


    K  a t ( x ) ∩   K  a t ( y ) ∉ ∅


    s 7


    s 9


  𝛿 ≥ 0 . 50


  𝛿 ≥ 0 . 60 .


  𝛿 ≥ 0 . 70


   (   s 7 ,   s 9 ) ∉   S  A  0 . 70  (   s 7 ,   s 9 ) .


  𝛿


  𝛿


  x ∈ O


  A ⊆ A T


  P E V s I S = ( O , A T ,   V # , f )


  A ⊆ A T


  𝛿 ∈ [ 0 , 1 ] ,


  𝛿


  x


  A


    P S  A  𝛿  ( x ) = { y ∈ O |   S i m  p r e c ( x , y ) ≥ 𝛿 }


  y ∈   P S  A  𝛿  ( x )


  x


  𝛿


  s


  C


  𝛿


  P   S  C  0 . 60  (   o 1 ) =  {   o 1 } ,


    P S  C  0 . 60  (   o 2 ) =  {   o 2 ,   o 3 } ,


    P S  C  0 . 60  (   o 2 ) =  {   o 2 ,   o 3 } ,


    P S  C  0 . 60  (   o 3 ) =  {   o 2 ,   o 3 } ,


    P S  C  0 . 60  (   o 3 ) =  {   o 2 ,   o 3 } ,


  P   S  C  0 . 60  (   o 4 ) =  {   o 4 } ,


  P   S  C  0 . 60  (   o 4 ) =  {   o 4 } ,


  P   S  C  0 . 60  (   o 5 ) =  {   o 5 ,   o 11 } ,


  P   S  C  0 . 60  (   o 5 ) =  {   o 5 ,   o 11 } ,


          P   S  C  0 . 60  (   o 6 ) =  {   o 6 } ,


          P   S  C  0 . 60  (   o 6 ) =  {   o 6 } ,


  P   S  C  0 . 60  (   o 7 ) =  {   o 7 ,   o 9 } ,


  P   S  C  0 . 60  (   o 8 ) =  {   o 8 } ,


  P   S  C  0 . 60  (   o 8 ) =  {   o 8 } ,


    P S  C  0 . 60  (   o 9 ) =  {   o 9 ,   o 12 } ,


    P S  C  0 . 60  (   o 9 ) =  {   o 9 ,   o 12 } ,


    P S  C  0 . 60  (   o 10 ) =  {   o 10 } ,


    P S  C  0 . 60  (   o 10 ) =  {   o 10 } ,


  P   S  C  0 . 60  (   o 11 ) =  {     o 5 , o 11 } ,


  P   S  C  0 . 60  (   o 11 ) =  {     o 5 , o 11 } ,


                    P   S  C  0 . 60  (   o 12 ) =  {   o 9   , o 12 } .


                    P   S  C  0 . 60  (   o 12 ) =  {   o 9   , o 12 } .


  P E V s I S = ( O , A T ,   V # , f )


  A ⊆ A T


  x , y ∈ O


    𝛿 1 ,   𝛿 2 ∈ [ 0 , 1 ] ,  


  P   S  A    𝛿 2 ⊆   P S  A    𝛿 1


      𝛿 1 ≤   𝛿 2


  y ∈   P S  A    𝛿 2


    S i m  p r e c ( x , y ) ≥   𝛿 2


  ∀ a t ∈ A .


    𝛿 1 ≤   𝛿 2


    𝛿 1 ≤   S i m  p r e c  ( x , y )


    𝛿 1 ≤   𝛿 2 ≤   S i m  p r e c  ( x , y ) .


  y ∈   P S  A    𝛿 2


    P S  A    𝛿 2 ⊆   P S  A    𝛿 1 .


    𝛿 1


    𝛿 2 =


  𝛿


  s


  C


  P   S  C  0 . 6  (   o 5 ) =


  {   o 5 ,   o 11 }


  P   S  C  0 . 7  (   o 5 ) =


  {   o 5 }


  P   S  C  0 . 6  (   o 9 ) =


  {   o 7 ,   o 9 ,   o 12 }


  P   S  C  0 . 7  (   o 9 ) =


   {   o 9 ,   o 12 } .


    P S  C    𝛿 2 ⊆   P S  C    𝛿 1 .


  P E V s I S = ( O , A T ,   V # , f )


  X ⊆ O


  A ⊆ A T


  𝛿 ∈ [ 0 , 1 ]


  𝛿


  𝛿


  X


  A


      P S  A  𝛿 _ ( X )


      P S  A  𝛿 ¯ ( X )


      P S  A  𝛿 _ ( X ) = { x |   P S  A ( x ) ⊆ X }


      P S  A  𝛿 ¯ ( X )   = { x |   P S  A ( x ) ∩ X ≠ ∅ }


  P E V s D S = ( O , A T = C ∪ D ,   V # , f )


  X ⊆ O ,


  A ⊆ C


  𝛿 ∈ [ 0 , 1 ]


  𝛿


  𝛿


  D


  A


      P S  A  𝛿 _ ( D )


      P S  A  𝛿 ¯ ( D )


      P S  A  𝛿 _ ( D ) = ∪ { x | P   S  A  ( x ) ⊆   X  i ,   X  i ∈ O / D }


      P S  A  𝛿 ¯ ( D ) = ∪ { x | P   S  A  ( x ) ∩   X  i ≠ ∅ ,   X  i ∈ O / D }


  P E V s I S = ( O , A T ,   V # , f )


  X ⊆ O


  A ⊆ A T


    𝛿 1 ,   𝛿 2 ∈ [ 0 , 1 ]


      P S  A    𝛿 1 _  ( X ) ⊆     P S  A    𝛿 2 _ ( X )


      𝛿 1 ≤   𝛿 2


      P S  A    𝛿 2 ¯ ( X ) ⊆     P S  A    𝛿 1 ¯ ( X )


      𝛿 1 ≤   𝛿 2


  x ∈     P S  A    𝛿 1 _  ( X )


    P S  A    𝛿 1  ( x ) ⊆ X  


    P S  A    𝛿 1  ( x ) = { y ∈ O |   S i m  p r e c ( x , y ) ≥   𝛿 1 }


    P S  A    𝛿 2  ( x ) = { y ∈ O |   S i m  p r e c ( x , y ) ≥   𝛿 2 }


  P   S  A    𝛿 2 ⊆   P S  A    𝛿 1


  x ∈     P S  A    𝛿 1 _  ( X )


    P S  A    𝛿 1  ( x ) ⊆ X


    P S  A    𝛿 2  ( x ) ⊆ X


  x ∈     P S  A    𝛿 2 _  ( X )


      P S  A    𝛿 1 _  ( X ) ⊆     P S  A    𝛿 2 _ ( X )


  y ∈     P S  A    𝛿 2 ¯  ( X ) ,


    P S  A    𝛿 2 ( x ) ∩ X ≠ ∅


  P   S  A    𝛿 2 ⊆   P S  A    𝛿 1 ,


    P S  A    𝛿 1 ( x ) ∩ X ≠ ∅


  y ∈     P S  A    𝛿 1 ¯  ( X )


      P S  A    𝛿 2 ¯  ( X ) ⊆     P S  A    𝛿 1 ¯  ( X ) .


  P E V s I S = ( O , A T ,   V # , f )


  X ⊆ O


  A ⊆ A T


  𝛿 ∈ [ 0 , 1 ]


  𝛿


  𝛿


  X


  A


    𝛼  A  𝛿 ( X )


    𝜌  A  𝛿  ( X )


    𝛼  A  𝛿 ( X ) =    |     P S  A  𝛿 _ ( X ) |   |     P S  A  𝛿 ¯ ( X ) |


    𝜌  A  𝛿  ( X ) = 1 −      |     P S  A  𝛿 _  ( X ) |   |     P S  A  𝛿 ¯  ( X ) | = 1 −     𝛼  A  𝛿  ( X ) .


  P E V s D S = ( O , A T = C ∪ D ,   V ′ , f )


  A ⊆ C


  𝛿 ∈ ( 0 , 1 )


  O / D = {   X  1 ,   X 2 , . . .   X  n }


  O


    X  i


  O / D


  𝛿


  O / D  


  A


    𝛼  A  𝛿 ( O / D ) =    |     P S  A  𝛿 _ ( O / D ) |   |     P S  A  𝛿 ¯ ( O / D ) | =     ∑    X  i ∈ O / D  |     P S  A  𝛿 _   X  i |    ∑    X  i ∈ O / D  |     P S  A  𝛿 ¯   X  i |


    𝛼  A    𝛿 1 ≤   𝛼  A    𝛿 2


      𝛿 1 ≤   𝛿 2


    𝜌  A    𝛿 2 ≤   𝜌  A    𝛿 1


      𝛿 1 ≤   𝛿 2


    𝛼  A    𝛿 1  (   O  D ) ≤   𝛼  A    𝛿 2 (   O  D )


    𝛿 1 ≤   𝛿 2


  P   S  A    𝛿 2 ⊆   P S  A    𝛿 1 .


      P S  A    𝛿 1 _ ⊆     P S  A    𝛿 2 _


  |     P S  A    𝛿 1 _ | ≤  |     P S  A    𝛿 2 _ | .


      P S  A    𝛿 2 ¯ ⊆     P S  A    𝛿 1 ¯


  |     P S  A    𝛿 2 _ | ≤  |     P S  A    𝛿 1 _ |


  |     P S  A    𝛿 1 _ | ≤  |     P S  A    𝛿 2 _ |


  |     P S  A    𝛿 2 _ | ≤  |     P S  A    𝛿 1 _ |


    𝛼  A    𝛿 1 ≤   𝛼  A    𝛿 2


  ∀   Y  i ∈   O  D ,    |     P S  A    𝛿 1 _  (   Y  i ) | ≤    |     P S  A    𝛿 2 _  (   Y  i ) | ,  |     P S  A    𝛿 2 ¯  (   Y  i ) | ≤  |     P S  A    𝛿 1 ¯  (   Y  i ) | .


    ∑    Y  i ∈ O / D  |     P S  A    𝛿 1 ( _   Y  i ) | ≤   ∑    Y  i ∈ O / D  |     P S  A    𝛿 2 ( _   Y  i ) | .


    ∑    Y  i ∈ O / D  |     P S  A    𝛿 2 ¯   ( Y  i ) | ≤   ∑    Y  i ∈ O / D  |     P S  A    𝛿 1 ¯   ( Y  i ) | .


    𝛼  A    𝛿 2 (   O  D ) ≥   𝛼  A    𝛿 1 (   O  D )


  P   S  C  0 . 60  (   o 1 ) = {   o 1 }


    P S  C  0 . 60  (   o 2 ) = {   o 2 ,   o 3 }


    P S  C  0 . 60  (   o 2 ) = {   o 2 ,   o 3 }


    P S  C  0 . 60  (   o 3 ) = {   o 2 ,   o 3 }


    P S  C  0 . 60  (   o 3 ) = {   o 2 ,   o 3 }


  P   S  C  0 . 60  (   o 4 ) = {   o 4 }


  P   S  C  0 . 60  (   o 4 ) = {   o 4 }


  P   S  C  0 . 60  (   o 5 ) = {   o 5 ,   o 11 }


  P   S  C  0 . 60  (   o 5 ) = {   o 5 ,   o 11 }


  P   S  C  0 . 60  (   o 6 ) = {   o 6 }


  P   S  C  0 . 60  (   o 6 ) = {   o 6 }


  P   S  C  0 . 60  (   o 7 ) = {   o 7 ,   o 9 }


  P   S  C  0 . 60  (   o 7 ) = {   o 7 ,   o 9 }


  P   S  C  0 . 60  (   o 8 ) = {   o 8 }


  P   S  C  0 . 60  (   o 8 ) = {   o 8 }


    P S  C  0 . 60  (   o 9 ) = {   o 9 ,   o 12 }


    P S  C  0 . 60  (   o 9 ) = {   o 9 ,   o 12 }


    P S  C  0 . 60  (   o 10 ) = {   o 10 }


    P S  C  0 . 60  (   o 10 ) = {   o 10 }


  P   S  C  0 . 60  (   o 11 ) =  {     o 5 , o 11 }


  P   S  C  0 . 60  (   o 11 ) =  {     o 5 , o 11 }


  P   S  C  0 . 60  (   o 12 ) = {   o 9   , o 12 }


  P   S  C  0 . 60  (   o 12 ) = {   o 9   , o 12 }


  P   S  C  0 . 70  (   o 1 ) = {   o 1 }


    P S  C  0 . 70  (   o 2 ) = {   o 2 ,   o 3 }


    P S  C  0 . 70  (   o 2 ) = {   o 2 ,   o 3 }


    P S  C  0 . 70  (   o 3 ) = {   o 2 ,   o 3 }


    P S  C  0 . 70  (   o 3 ) = {   o 2 ,   o 3 }


  P   S  C  0 . 70  (   o 4 ) = {   o 4 }


  P   S  C  0 . 70  (   o 4 ) = {   o 4 }


  P   S  C  0 . 70  (   o 5 ) = {   o 5 }


  P   S  C  0 . 70  (   o 5 ) = {   o 5 }


  P   S  C  0 . 70  (   o 6 ) = {   o 6 }


  P   S  C  0 . 70  (   o 6 ) = {   o 6 }


  P   S  C  0 . 70  (   o 7 ) = {   o 7 }


  P   S  C  0 . 70  (   o 7 ) = {   o 7 }


  P   S  C  0 . 70  (   o 8 ) = {   o 8 }


  P   S  C  0 . 70  (   o 8 ) = {   o 8 }


    P S  C  0 . 70  (   o 9 ) = {   o 9 ,   o 12 }


    P S  C  0 . 70  (   o 9 ) = {   o 9 ,   o 12 }


    P S  C  0 . 70  (   o 10 ) = {   o 10 }


    P S  C  0 . 70  (   o 10 ) = {   o 10 }


  P   S  C  0 . 70  (   o 11 ) = {   o 11 }


  P   S  C  0 . 70  (   o 11 ) = {   o 11 }


  P   S  C  0 . 70  (   o 12 ) = {   o 9   , o 12 }


  P   S  C  0 . 70  (   o 12 ) = {   o 9   , o 12 }


  X =  {   o 1   , o 2   , o 4   , o 7 ,   o 10   , o 12 }


    X  C =  {   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 } ,


    𝛿 1


      P S  C  0 . 60 _  ( X ) =  {   o 1 ,   o 4 ,   o 10 } ,


      P S  C  0 . 60 ¯  ( X ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,     o 9 , o 10 ,   o 12 } ,


      P S  C  0 . 60 ¯  ( X ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,     o 9 , o 10 ,   o 12 } ,


      P S  C  0 . 60 _  (   X  C ) =  {   o 5 ,   o 6 ,     o 8 , o 11 } ,


      P S  C  0 . 60 _  (   X  C ) =  {   o 5 ,   o 6 ,     o 8 , o 11 } ,


      P S  C  0 . 60 ¯  (   X  C ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 7 ,     o 8 ,   o 9 , o 11 ,   o 12 } ,


      P S  C  0 . 60 ¯  (   X  C ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 7 ,     o 8 ,   o 9 , o 11 ,   o 12 } ,


    𝛿 2


      P S  C  0 . 70 _  ( X ) =  {   o 1 ,   o 4 ,   o 7 ,   o 10 } ,


      P S  C  0 . 70 ¯  ( X ) =  {     o 1 , o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 9 ,   o 10 ,   o 12 } .


      P S  C  0 . 70 ¯  ( X ) =  {     o 1 , o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 9 ,   o 10 ,   o 12 } .


      P S  C  0 . 70 _  (   X  C ) =  {   o 5 ,   o 6 ,   o 8 ,   o 11 } ,


      P S  C  0 . 70 _  (   X  C ) =  {   o 5 ,   o 6 ,   o 8 ,   o 11 } ,


      P S  C  0 . 70 ¯  (   X  C ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 ,   o 12 }


      P S  C  0 . 70 ¯  (   X  C ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 ,   o 12 }


  𝛿


  𝛿


  X


    X  C


    𝛿 1


    𝛼  A  0 . 60  ( X ) =    |     P S  A  0 . 60 _  ( X ) |   |     P S  A  0 . 60 ¯  ( X ) | =  3 8 = 0 . 3750 ,


    𝜌  A  0 . 60  ( X ) = 1 −   𝛼  A  0 . 60  ( X ) = 1 −  3 8 = 0 . 6250


    𝛼  A  0 . 60  (   X  C ) =    |     P S  A  0 . 60 _  (   X  C ) |   |     P S  A  0 . 60 ¯  (   X  C ) | =  4 9 = 0 . 4444 ,


    𝜌  A  0 . 60  (   X  C ) = 1 −   𝛼  A  0 . 60  (   X  C ) = 1 −  4 9 = 0 . 5555


    𝛿 2


    𝛼  A  0 . 70  ( X ) =    |     P S  A  0 . 70 _  ( X ) |   |     P S  A  0 . 70 ¯  ( X ) | =  4 8 = 0 . 5000 ,


    𝜌  A  0 . 70  ( X ) = 1 −   𝛼  A  0 . 70  ( X ) = 1 −  4 8 = 0 . 5000


    𝛼  A  0 . 70  (   X  C ) =    |     P S  A  0 . 70 _  (   X  C ) |   |     P S  A  0 . 70 ¯  (   X  C ) | =  4 8 = 0 . 5000 ,


    𝜌  A  0 . 70  (   X  C ) = 1 −   𝛼  A  0 . 70  (   X  C ) = 1 −  4 8 = 0 . 5000


  O / D = {  {   o 1 ,   o 2 ,   o 4 ,   o 7 ,   o 10 ,   o 12 } ,  {   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 } }


    Y 1 =  {   o 1 ,   o 2 ,   o 4 ,   o 7 ,   o 10 ,   o 12 }


    Y 2 =  {   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 }


    𝛿 1


      P S  C  0 . 60 _  (   Y 1 ) =  {   o 1 ,   o 4 ,   o 10 } ,


      P S  C  0 . 60 ¯  (   Y 1 ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,     o 9 , o 10 ,   o 12 } ,


      P S  C  0 . 60 ¯  (   Y 1 ) =  {   o 1 ,   o 2 ,   o 3 ,   o 4 ,   o 7 ,     o 9 , o 10 ,   o 12 } ,


      P S  C  0 . 60 _  (   Y 2 ) =  {   o 5 ,   o 6 ,     o 8 , o 11 } ,


      P S  C  0 . 60 ¯  (   Y 2 ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 7 ,     o 8 ,   o 9 , o 11 ,   o 12 }


      P S  C  0 . 60 ¯  (   Y 2 ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 7 ,     o 8 ,   o 9 , o 11 ,   o 12 }


    𝛼  C  0 . 60 ( O / D ) =    |     P S  C  0 . 60 _ (   Y 1 ) | + |  |     P S  C  0 . 60 _  (   Y 2 ) |   |     P S  C  0 . 60 ¯ (   Y 1 ) | + |     P S  C  0 . 60 ¯ (  (   Y 2 ) |


    3 + 4  8 + 9 =  7 17 = 0 . 4118 .


    𝛿 2 =


      P S  C  0 . 70 _  (   Y 1 ) =  {   o 1 ,   o 4 ,   o 7 ,   o 10 } ,


      P S  C  0 . 70 ¯  (   Y 1 ) =  {     o 1 , o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 9 ,   o 10 ,   o 12 } .


      P S  C  0 . 70 ¯  (   Y 1 ) =  {     o 1 , o 2 ,   o 3 ,   o 4 ,   o 7 ,   o 9 ,   o 10 ,   o 12 } .


      P S  C  0 . 70 _  (   Y 2 ) =  {   o 5 ,   o 6 ,   o 8 ,   o 11 } ,


      P S  C  0 . 70 _  (   Y 2 ) =  {   o 5 ,   o 6 ,   o 8 ,   o 11 } ,


      P S  C  0 . 70 ¯  (   Y 2 ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 ,   o 12 }


      P S  C  0 . 70 ¯  (   Y 2 ) =  {   o 2 ,   o 3 ,   o 5 ,   o 6 ,   o 8 ,   o 9 ,   o 11 ,   o 12 }


    𝛼  C  0 . 70 ( O / D ) =    |     P S  C  0 . 70 _ (   Y 1 ) | + |  |     P S  C  0 . 70 _ (   Y 2 ) |   |     P S  C  0 . 70 ¯ (   Y 1 ) | + |     P S  C  0 . 70 ¯ (   Y 2 )


    4 + 4  8 + 8 =  8 16 = 0 . 5000 .

